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In mixture modeling, it is assumed that the data set shows a heterogeneous structure. This 
heterogeneity is defined as unobservable heterogeneity. The data set’s heterogeneity produces serious 
deviations in the parameter estimates and the standard deviations. Heterogeneity is overcome when the 
data set divides itself into homogeneous sub-populations. Thus, while homogeneity is attained for sub-
populations, the heterogeneity between the sub-populations is tried to be put forward. Akaike’s 
information criteria (AIC), Bayesian information criteria (BIC), and Entropy classification criteria are used 
to determine the number of sub-populations. After the number of sub-populations is determined, the 
model determines the probability that each observation will fall within a particular sub-population. In this 
study, the classification of districts based on fruit traits is achieved by applying mixture modeling to 
walnut fruits collected from eight districts. According to the AIC, BIC, and entropy criteria, a model with 
five sub-populations was chosen where the data set is the most distributed. Therefore, it was 
determined that each district does not form a different population according to the studied walnut fruit 
traits, but are distributed into five sub-populations. The fourth sub-population had the most desirable 
traits for walnut improvement, and the highest proportion of these traits came from the naturally grown 
populations of Adilcevaz and Ahlat districts. 
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INTRODUCTION 
 
Data set can be obtained from a population composed of 
different sub-populations. In other words, the data set can 
show a heterogeneous structure obtained not only from a 
single population but also from a multitude of populations. 
(Wang et al., 1996; Okut et al., 2002; Dalrymple et al., 
2003; Yeşilova, 2003; Leisch, 2004). In mixture modeling, 
the objective is to determine the sub-populations by 
assuming that the observations in the data set may 
belong to unobserved sub-populations, to be subsequent-
ly determined for each observation with which probability 
is   included  under  each  sub-population  (Wang  et   al.,  
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1996; Arminger and Stein, 1997; Jedidi et al., 1997; 
Muthén and Muthén, 2002; Martinez et al., 2009). In 
mixture modeling, parameter estimations are obtained via 
the maximum likelihood (ML) method, using an EM algo-
rithm (Dempster et al., 1977; Jansen, 1993; Wang et al., 
1996; Wang and Putterman, 1998; Han, 2009). The EM 
approach is an algorithm composed of E and M steps. In 
the E step, the conditional expected values are used on 
the observed values and the missing observations are 
estimated. Here, the missing observations are thought to 
be latent classes (Roeder et al., 1999). In the M step, by 
maximizing the log-likelihood function, ML parameter 
estimations are obtained. Whatever the distribution of the 
data, classification can be made by using a multinomial 
logit model (Okut et al., 2002). In the mixture model, the 
multinomial logit model is used to determine which 
observation belongs  to  which   sub-population.  In  other 
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words, after determining the appropriate sub-population 
number in step E, step M estimates which observation 
will be included in which sub-population using the Multi-
nomial Logit model. Akaike’s information criteria (AIC), 
Bayesian information criteria (BIC), and entropy 
correction classification criteria are used in selecting the 
suitable model (Wang et al., 1998; Muthén and Muthén, 
2002).  

Juglans regia L. is an edible walnut species that 
occurs in Turkey and is ideally grown in Gevaş, Ahlat, 
and Adilceviz districts around the Van Lake Basin. The 
Lake Van Basin has large genetic variability of Juglans 
regia. The high yield, good nut and kernel characteristics, 
high lateral bud fruitfulness, late bud breaking, late 
flowering, winter hardiness and tolerance to diseases are 
among the most important improvement criteria for wal-
nuts (Yarilgac, 1997; Sen et al., 2001; Muradoglu, 2005). 
In addition, walnut kernels contain the unsaturated fatty 
acids that are valuable for human health. When the oil 
contents and oil acid compositions of walnuts grown in 
the Van Lake Basin is examined, it is seen that they are 
especially rich in unsaturated fat acids (Yarilgac, 1997). 
Compared to walnuts grown in other regions of Turkey, 
those grown in the Van Lake Basin offer commercial 
advantages, with high fruit weights and high kernel 
percentages. Previous studies on regional classification 
of walnut fruit characteristics generally used cluster, 
factor and discriminant multivariate analysis methods. 
Cluster and factor analyses also classify the data set. 
However, mixture modeling has two major advantages 
when compared with cluster and factor analyses 
(Arminger and Stein, 1997; Muthén and Muthén, 2002, 
Jones et al., 2001; Jones and Nagin, 2007). The first 
advantage is that, for each observation, the method 
determines the probability that it will be included within a 
particular sub-population; the second advantage is that 
parameter estimations are obtained for each sub-
population (Wang et al., 1998; Muthén and Muthén, 
2002; R, 2007; Martinez et al., 2009).  

In this study, the fruit traits of walnuts obtained from 
the Van Lake Basin are defined and classified according 
to the districts of the basin. This study aimed only to 
classify the data set using mixture modeling. Information 
about the data set is given. As well as the multinomial 
logit model and the mixture models are discussed. The 
model selection, the distribution of observations into sub-
populations, and the estimated means of walnut fruit 
traits for each sub-population are given. The discussion 
and conclusion are given in the last part of the paper.  
 

 

DATA SET 
 

This study was conducted in 2006, using seedling walnut 
(Juglans regia L.) trees growing in eight districts (central 
Van, Edremit, Gevaş, Çatak, Erciş, Tatvan, Adilcevaz, 
and Ahlat) located in the Van Lake  Basin (Van and  Bitlis 
provinces), in eastern  Turkey.  Following  surveys  in  the 

 
 
 
 
study area, ten walnut genotypes representing each 
district were marked. Walnut fruits were collected from 
the trees at the harvest time. A sample of fifteen fruits 
was taken randomly from each tree and their important 
nut characteristics for variety-breeding objectives were 
evaluated. After the green hulls of the collected fruits 
were removed, the fruits were first stored at room 
temperature for several days and then dried in an oven at 
30°C for 24 h (Şen et al., 2001). 

The dried samples were analyzed for pomological 
traits, including: fruit weight, kernel weight, kernel ratio, 
fruit width, fruit length, fruit height, and shell thickness, 
which are considered to be important fruit characteristics 
for walnut breeding. The fruit weight and kernel weight 
were measured in gram using a scale with a sensitivity of 
0.0001. Each sample was weighed with its shell and then 
the shell was broken and weighed in full to determine the 
kernel weight. The fruit width, length, height, and shell 
thicknesses were measured in millimeter using a digital 
caliper with a sensitivity of 0.01. Accordingly; fruit height 
was measured along the axis bisecting the fruit; the fruit 
length was measured as the length that cuts this axis 
perpendicularly; and the fruit width was measured as the 
cheek length of both sides; all measurements were in 
millimeter. To measure the shell thickness, each cheek 
was broken from the middle and the thickness was mea-
sured in millimeter using a digital caliper, from the point 
equidistant from both ends. 
 

 
METHODS 

 
Multinomial logit model  

 

Let 
kcP iik  denotes the probability that the 

thi  

response falls in the 
thk  sub-population (Okut et al., 2002). In 

multinomial distribution, the probability distribution of count ikC
 

given the total N is, 
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The model for the multinomial logit is,   
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Let u  represent a binary outcome of the Latent class analysis 

model (LCA) and c  represent the categorical latent variable with K 

classes. The marginal probability density of iu
 is, 
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The conditional function of y is, 
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Where, k  k-dimensional unknown parameter vector, k  the 
probability of sub-populations k, and y is a dependent variable. The 

posterior probability that observation y belongs to class 
j

 is (Grün 
and Leisch, 2009), 
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The log likelihood function for the complete data is, 
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EM algorithm finds the maximum likelihood estimates using an 
iterative procedure consisting of two steps: an E-step and a M-step. 

At the E-step, 

^

nkP
posterior class probability for each observation 

can be given as following (Leisch, 2004), 
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Using equation 5 and the ML estimators of the sub-populations (the 
prior class probabilities) are calculated as the sample averages of 
the estimated weights (Leisch, 2004), 
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At the M-step, After maximizing log-likelihood function in equation 

6, ML estimations of unknown parameter vector 
( )k are obtained.  

 
 
Model selection  

 
Akaike’s   information  criteria  (AIC),  Bayesian  information  criteria 
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(BIC) are two widely used criteria for mixture model. The model 
having the lowest AIC and BIC values and the highest entropy 
classification probability is accepted as the best model. In addition, 
entropy is used to make classification of each observation correctly. 
AIC and BIC are (Wang et al., 1996; Wang and Putterman, 1998), 
 
AIC = -LogL + 2p                                            (7)   
 
BIC = -LogL + p ln (n)                                                           (8) 
 
Where p denotes number of parameters. After the number of 
classes is determined, the entropy criterion determines the proba-
bility of all the individuals being in all the classes. Entropy criteria is,  

 

ˆ ˆ( ) ln
1

ln

ik iki k
c

p p
E

n K                             (9)  
 

 Entropy value ranges between the ranges of 0  EC 1. As the EC 
value approaches 1, it is understood that the probability for the 
individual being distributed correctly is high (Okut et al., 2002).  

 
 
RESULTS 
 
Statistical analyses were made using Mplus software. 
Initially, the data was analyzed to determine the number 
of different sub-populations of walnut fruit traits within the 
eight districts. If there are similarities in the fruit traits 
between districts, the number of sub-populations within 
these eight districts must be determined. The model 
selection criteria for the mixture model used to determine 
the numbers of sub-populations are given in Table 1. The 
model selection criteria for a model with up to seven sub-
populations are given in Table 1.  

Since the AIC and BIC criteria continue to increase 
after the model with five sub-populations, the models 
containing more than seven sub-populations were not 
given. It is generally accepted that the model with the 
smallest AIC and BIC model selection criteria best 
describes the data set. The AIC and BIC selection criteria 
for the model with five sub-populations were smaller than 
those obtained for the models with other sub-populations. 
Therefore, the model with five sub-populations best 
described the data distribution. 

Thus, it was determined that the eight districts are 
separated into five sub-populations according to the fruit 
traits. The entropy criteria given in Table 1 shows the 
extent to which the models with different sub-populations 
are correctly classified. The highest entropy criterion was 
obtained for the model with five sub-populations. This 
result shows that the model with five sub-populations was 
91.7% accurate classifying the districts according to the 
fruit traits. 

Since the model with five sub-populations is the best 
for the districts according to the fruit traits, the results 
were interpreted according to the model with five sub-
populations. Table 2 shows the distribution of the 1200 
observations obtained from eight districts according to 
the model  with  five  sub-populations.  For  example,  the  
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Table 1. Model selection criteria for different sub-populations.  
 

Sub-populations  
Selection criteria 

AIC BIC Entropy (%) 

Model with one sub-population 4566.433 4637.694 - 

Model with two Sub-populations 4193.171 4376.413 86.9 

Model with three Sub-populations 3784.653 4079.878 90.9 

Model with four Sub-populations 3624.859 4032.069 86.6 

Model with five Sub-populations 3289.583 3808.771 91.7 

Model with six Sub-populations 3304.610 3935.779 88.9 

Model with seven Sub-populations 3319.039 3963.039 87.9 

 
 
 

Table 2. Distribution of data set to model with five sub-populations. 

 

Sub-populations N Ratio (%) 

Sub-population 1 279 23.25 

Sub-population 2 292 24.33 

Sub-population 3 133 11.08 

Sub-population 4 241 20.08 

Sub-population 5 255 21.25 

 
 
 

Table 3. Rates of correct classification for model with five sub-populations. 

 

 Sub-populations 

 1 2 3 4 5 

1 0.941 0.045 0.001 0.007 0.006 

2 0.025 0.940 0.017 0.009 0.015 

3 0.006 0.070 0.898 0.010 0.015 

4 0.006 0.015 0.010 0.965 0.004 

5 0.002 0.014 0.008 0.004 0.972 

 
 
 
model allocated 279 (23.25%) observations to the first 
sub-population. As can be seen from Table 2, the second 
sub-population had the highest number of observations 
and the third sub-population had the fewest observations. 
The correct classification ratios for observations that fall 
into each sub-population were given in Table 3. The 
correct classification ratio for the first sub-population was 
obtained to be 94.1%, for the second sub-population, it 
was 94.0%, for the third sub-population, it was 89.8 %, 
for the fourth sub-population, it was 96.5%, and for the 
fifth sub-population, the correct classification ratio was 
obtained to be 97.2%. As it can be seen in Table 3, in the 
model with five sub-populations, the correct classification 
ratio for each sub-population was very high.  

The mean values of the fruit traits for each of the five 
sub-populations are given in Table 4. For instance, the 
means of fruit weight was 8.221 g for the first sub-popu-
lation, 8.575 g for the second sub-population, 10.585 g 
for the third sub-population, 13.357 g  for  the fourth  sub- 

population, and 14.068 g for the fifth sub-population.  
The distributions of the 8 districts studied with respect 

to the fruit traits are given in Table 5. For instance, the 
walnuts taken from Gevaş district, 31 (20.67%) were 
included into the second sub-population, 10 (6.67%) into 
the fourth sub-population, and 109 (72.27%) into the fifth 
sub-population. Of the walnuts taken from Tatvan district 
14 (9.33%) were included into the second sub-population, 
37 (24.67%) into the third sub-population, 3 (2%) into the 
fourth sub-population, and 96 (64%) to the fifth sub-
population.  
 
 
Conclusion 
 
The AIC and BIC were found to be lowest for the model 
with five sub-populations. For five sub-populations, the 
determined entropy criterion of 91.7% showed how 
accurately   the   observation  values  were  classified.  In 
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Table 4. Estimated means of variables for model with five sub-populations. 

 

Sub-
populations 

Variables 

Fruit weight (g) Kernel weight (g) Fruit height (mm) Fruit width (mm) Fruit length (mm) Shell thickness (mm) 

1 8.221 1.228 33.537 27.877 29.532 1.550 

2 8.575 3.848 32.986 29.225 28.857 1.365 

3 10.585 4.881 35.207 32.440 31.758 1.287 

4 13.357 6.299 36.815 33.510 33.632 1.206 

5 14.068 5.487 42.684 34.906 33.952 1.496 

 
 
 

Table 5. Distribution rates and counts of disctricts into model with five sub-populations. 
 

Sub-populations 
Districts 

Gevaş (%) Tatvan (%) Adilcevaz (%) Ahlat (%) Edremit Erciş Çatak (%) Van-central (%) Total (%) 

1 - - - 7 (4.67) 12 (8) 150 (100%) - 110 (73.33) 279 (23.25) 

2 31(20.67) 14 (9.33) - 4 (2.67) 114(76%) - 119 (79.33) 10(6.67) 292 (24.33) 

3 - 37 (24.67) 23 (15.33) 70 (46.66) - - - 3 (22) 133 (11.08) 

4 10 (6.67) 3 (2) 123 (82) 69 (46) - - 16 (10.67) 20 (13.33) 241(20.08) 

5 109 (72.27) 96 (64) 4 (2.67) - 24(16%) - 15 (10) 7 (4.67) 255 (21.25) 

Total 150 150 150 150 150 150 150 150 1200 
 
 

 

parallel to this, it was determined that there was a 
very high probability that the sub-populations 
given in Table 3 were classified correctly. The 
modeling results in Table 4 show that the fruit 
weight, kernel weight, fruit width, fruit length, and 
fruit height of the walnut fruit increase from the 
first sub-population to the fifth sub-population. In 
all districts within the first sub-population in Table 
4, the lowest average values were obtained for all 
fruit traits apart from the shell thickness. The 
thinnest shell value, but nonetheless the highest 
average values for the kernel weight and the 
kernel ratio were within the fourth sub-population. 
In walnut improvement, high kernel weight and 
thin shell are desired fruit traits (McGrananhan 
and Leslie, 1991; Germain, 1997). We think that  it 

is no coincidence that these characteristics, which 
are important for walnut improvement, were 
included in the fourth sub-population and that the 
highest addition percentages to these traits occur 
particularly within the Adilcevaz and Ahlat 
districts.  
Previous walnut selection studies conducted in 
the Van Lake Basin reported that walnuts with the 
highest improvement value and those that were 
the most promising were selected, and that the 
Van Lake Basin area showed wide genetic 
diversity between walnut traits (Şen et al., 2001; 
Muradoğlu, 2005). In addition, it was also not 
considered to be a coincidence that walnuts within 
the fifth sub-population have the second highest 
value   for   kernel   weight   and  that  the  biggest 

addition to this value came from Gevaş and 
Tatvan districts. On the other hand, the lowest 
kernel weight, which is an undesirable trait for 
improvement (Yarilgaç, 1997), occurred in the 
walnuts in the first and second sub-populations. 
The highest addition to these undesired traits 
came from walnuts growing naturally in the 
districts of Edremit, Erciş, Çatak, and Van center. 
This result can be attributed to the low quality of 
the natural walnut population in these districts, the 
difference in climatic and ecological conditions, or 
to insufficient technical and cultural practices. In 
addition, the results of this study suggest that mix-
ture modeling can be used to statistically analyze 
genetic resources on the basis of population and 
location    by    taking    into    account    the     fruit  
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improvement traits. 
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