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In the present paper, the researchers discuss the problem of parametric interval approximation of fuzzy 
numbers. It is the interval which fulfills two conditions. In the first, this interval is a continuous interval 
approximation operator. In the second, the parametric weighted distance between this interval and the 
approximated number is minimal and continuous. This interval can be used as a crisp set 
approximation with respect to a fuzzy quantity. These indices can be applied for comparison of fuzzy 
numbers namely fuzzy correlations in fuzzy environments and expert's systems. Finally, some of their 
applications are mentioned. 
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INTRODUCTION 
 
Representing fuzzy numbers by proper intervals is an 
interesting and important problem. An interval represen-
tation of a fuzzy number may have many useful 
applications. By using such a representation, it is 
possible to apply in fuzzy number approaches some 
results derived in the field of interval number analysis. 
For example, it may be applied to a comparison of fuzzy 
numbers by using the order relations defined on the set 
of interval numbers. Various authors in [Grzegorzewski, 
2002; Saneifard, 2009] have studied the crisp approxi-
mation of fuzzy sets. They proposed a rough theoretic 
definition of that crisp approximation, called the nearest 
interval approximation of a fuzzy set. Moreover, quite 
different approach to crisp approximation of fuzzy sets 
was applied in [Cheng et al., 1998]. They proposed a 
rough theoretic definition of that crisp approximation, 
called the nearest ordinary set of a fuzzy set, and they 
suggested a construction of such a set. They discussed 
rather discrete fuzzy sets. Their approximation of the 
given fuzzy set is not unique. Thus, this article will not 
discuss this method. Having reviewed the previous 
interval    approximation,   this   article   proposes   here a  

method to find the parametric interval approximation of a 
fuzzy number, that, it fulfills two conditions. In the first, 
this interval is a continuous interval approximation 
operator. In the second, the parametric distance between 
this interval and the approximated number is minimal and 
continuous. The main purpose of this article is for this 
parametric interval of a fuzzy number be used as a crisp 
set approximation of a fuzzy number. Some of their 
applications are mentioned. The paper is organized as 
follows: In Section 2, this article recalls some funda-
mental results on fuzzy numbers. In Section 3, a crisp set 
approximation of a fuzzy number (parametric interval 
approximate) is obtained. In this Section some remarks 
are proposed and illustrated. Applications of this 
approximation are in the Section 4. The paper ends with 
conclusions in Section 5. 
 
 
Basic definitions and notations 
 
The basic definitions of a fuzzy number are given in 
[Zimmermann,   1991;    Saneifard,     2009;    Ezzati  and 
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Saneifard, 2010; Saneifard et al., 2007] as follows: 
 
Definition 1. Let X  be a universe set. A fuzzy set A of 

X  is defined by a membership function ]1,0[)( xA , 

where XxxA ),( , indicates the degree of x  in A . 

 

Definition 2. A fuzzy subset A  of universe set X  is 

normal if 1)(  xSup AAx  , where X  is the universe set. 

 
Definition 3. A fuzzy subset A  of universe set X  is 

convex if    )()()1( yxyx AAA   , 

]1,0[,,  Xyx . In this article symbols   denotes 

the minimum operators. 
 
Definition 4. A fuzzy set A  is a fuzzy number if A  is 
normal and convex on X . 
 
Definition 5. For fuzzy set A , support function is defined 

as  0)()(  xxASupp A , where  0)( xx A  is closure 

of set  0)( xx A . 

A space of all fuzzy numbers will be denoted by F , and 

this article recalls that  1)(  xxACore A . 

 
Definition 6. Assume that the fuzzy number FA  is 
represented by means of the following representation: 
 

 
]1,0[

,







 AA ,                                                           (1) 

 
Here, 
 

   )(: xxA A , 

is the  -level set of the fuzzy number A . This article 

considers normal and convex fuzzy numbers. Therefore 
the  -level sets may be represented in the form of a 

segment, 
 

),()](,)([:]1,0[    RLA A    
       (2) 

 

Here, ),(]1,0[: L is a monotonically non-

decreasing and ),(]1,0[: R  is a monotonically 

non-increasing left-continuous functions. The functions 

).(L  and ).(R express the left and right sides of a fuzzy 

number, respectively. In other words, 
 

)()(,)()( 11  






 RL ,                                    (3) 

 

Where )()(
1  


L  and )()(

1  


R  denotes quasi-

inverse functions of the increasing g and decreasing parts 

of the membership functions )(x , respectively. As a 

result,   the   decomposition   representation   of the fuzzy  
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number A , called the RL  representation, has the 
following form: 

)])(),([,(
]1,0[




AA RLA


  . 

 
Definition 7. [Nasibov, 2007] The following values 
constitute the weighted averaged representative and 
weighted width, respectively, of the fuzzy number A : 
 

 

1

0

)())()1()(()(  dpRcLcAI AA ,                      (4) 

 
and 
 

 

1

0

)())()(()(  dpLRAD AA ,                                 (5) 

 
Here 10 c denotes an ”optimism/pessimism” coefficient 

in conducting operations on fuzzy numbers. The 

function ),0[]1,0[: p  denotes the distribution density 

of the importance of the degrees of fuzziness, where 

1)(

1

0

  dp . In particular cases, it may be assumed 

that ,1,0,)1()(  kkp k . 

 
Definition 8. For arbitrary fuzzy numbers A  and B  the 
quantity 

22
)]()([)]()([),( BDADBIAIBAdb  ,            (6) 

 
is called the parametric distance between the fuzzy 
numbers A  and B . 
 
Definition 9. [Grzegorzewski, 2002] An operator 

)(:  inIntervalsClosedofSetFI  is called an interval 

approximation operator if for any FA  

)()()( ASuppAIa  , 

)()()( AIAcoreb  , 

  ))(),((),(.)0()0()( vIuIdvudtsc , 

where  [,0[: Fd , is a metric defined in the family of 

all fuzzy numbers. 
 
Definition 10. [Grzegorzewski, 2002]. An interval 

approximation operator satisfying in condition )(c  for any 

FBA ,  is called the continuous interval approximation 

operator. 
 
 
Parametric interval approximation 
 
Various   authors    [Cheng et al.,   1998;  Grzegorzewski, 
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2002] have studied the crisp approximation of fuzzy sets. 
They proposed a rough theoretic definition of that crisp 
approximation, called the nearest ordinary set and 
nearest interval approximation of a fuzzy set. In this Sec-
tion, the researchers will propose another approximation 
called the parametric interval approximation. Let A  be an 

arbitrary fuzzy number and )](),([  AA RL  be its  -cut 

set. This article will try to find a closed interval )(AC
pd , 

which is the parametric interval to A  with respect to 

metric pd . Since each interval with constant  -cuts for 

all ]1,0(  is a fuzzy number, hence, suppose 

],[)( CCd RLAC
p

 , i.e. ],[)( CCd RLAC
p

 , ]1,0( . So, 

this article has to minimize, 
 

     2

1

22
))(()())(()())(,( ACDADACIAIACAd

ppp dddp  ,         

                                                                                 (7) 
 

with respect to CL and CR , where 

 

    .)()))(((,)()1())((

1

0

1

0

   dpLRACDdpRccLACI CCdCCd pp

 

In order to minimize pd  it suffices to minimize 

),(),(
2

CCpCCp RLdRLD   

It is clear that, the parameters CL  and CR  which 

minimize Eq. (7) must satisfy  
 

0,),( 























C

p

C

p

CCp
R

D

L

D
RLD . 

 
Therefore, this article has the following equations: 
 












































1

0

1

0

1

0

1

0

,0)()))(())(((2

)()))()(1())((()1(2
),(

,0)()))(())(((2

)()))()(1())(((2
),(









dpLLRR

dpRRcLLcc
R

RLD

dpLLRR

dpRRcLLcc
L

RLD

CACA

CACA

C

CCp

CACA

CACA

C

CCp

                                                                                   (8) 
 

The parameters CL  associated with the left bound and 

CR  associated with the right bound of the parametric 

interval can be found by using Eq. (8) as follows: 

 
 
 
 





















1

0

1

0

.)()(

,)()(





dpRR

dpLL

AC

AC

   (9) 

 
Remark 1  
 
Since, 

,04
2)1(22)1(2

2)1(22
det

),(),(

),(),(

det
2

2

2

22

2

2

2























































ccc

ccc

R

RLD

RL

RLD

LR

RLD

L

RLD

C

CCp

CC

CCp

CC

CCp

C

CCp

and 01
),(

],1,0[
2

2







C

CCp

L

RLD
c , therefore CL and CR  

given by (9), minimize ))(,( ACAd
pdp . Therefore, the 

interval 
 














 

1

0

1

0

)()(,)()()(  dpRdpLAC AAd p
,                (10) 

 
is the nearest parametric interval approximation of fuzzy 

number A  with respect to metric pd . 

 
Remark 2 
 

Whenever, in distribution density function kkp  )1()(  , 

assume that 1k , therefore )(AC
pd  is weighted interval-

value possibilistic mean [6], (Carlsson and Full´er, 2001). 
 
Remark 3  
 

If, in distribution density function kkp  )1()(  , assume 

0k , therefore )(AC
pd  is expected interval [10]. 

 
However, this article wants to approximate a fuzzy 
number by a crisp interval. Thus, the researchers have to 
use an operator 

)(:)(  inIntervalsClosedofSetFAC
pd which transforms 

fuzzy numbers into family of closed intervals on the real 
line. 
 
 
Theorem 1  
 

The operator )(:)(  inIntervalsClosedofSetFAC
pd is an 

interval approximation operator, i.e. )(AC
pd  is a conti-

nuous interval approximation operator. 



 
 
 
 
Proof  
 

It is easy to verify that the conditions )(a  and )(b are 

held. For the Proof of )(c  , let A  and B be two fuzzy 

numbers with parametric intervals  )(),()( ARALAC CCd p
  

and  )(),()( BRBLBC CCd p
 , respectively. Then 

    222
))(())(())(())(())(),(( BCDACDBCIACIBCACd

pppppp ddddddp 

 

   

2
1

0

1

0

)()()1()()()()1()(













    dpBRcBcLdpARcAcL CCCC

 

     

2
1

0

1

0

)()(()()((













   dpBLBRdpALAR CCCC  

         22
)()()()()()()1()()( BLALBRARBRARcBLALc CCCCCCCC 

 
2

1

0

1

0

1

0

1

0

)()()()()1()()()()(










































     dpRdpRcdpLdpLc BABA

 
2

1

0

1

0

1

0

1

0

)()()()()()()()(










































     dpLdpLdpRdpR BABA

 

   

2
1

0

1

0

)()()()1()()()(













    dpRRcdpLLc BABA

 

    ).,()()()()()()( 2

2
1

0

1

0

BAddpLLdpRR pBABA 













  

 

It means that 0,0   , when ),( BAd p , then, 

this article has   )(),( BCACd
pp ddp . It shows that our 

parametric interval approximation is continuous interval 
approximation. In other words, if A  and B  are close 
enough, then their parametric interval approximations 

obtained by 
pdC  are also close enough. 

 
 
Application 
 
In this section, the researchers introduce some of appli-
cations of the weighted interval approximation of fuzzy 
numbers. These indices can be applied for comparison of 
fuzzy numbers namely fuzzy correlations in fuzzy 
environments and expert’s systems.  
 
 
Correlation between fuzzy numbers 
 
In   many  applications   the   correlation   between   fuzzy  
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numbers is of interest. Several authors have proposed 
different measures of correlation between membership 
functions, intuitionistic fuzzy sets and correlation 
[Carlsson et al., 2005; Bustince and Burillo, 1995]. Hung 
and Wu [2002] defined a correlation by means of 
expected interval. They defined the correlation coefficient 
between fuzzy numbers A and B  as follows: 
 

)()()()(

)()()()(
),(

2*2
*

2*2
*

**
**

BEBEAEAE

BEAEBEAE
BA




 ,              (11) 

 
where 
 

 













 

1

0

1

0

*
* )(,)()(),(  dRdLBEAE AA .                    (12) 

 
This correlation coefficient shows not only the degree of 
relationship between the fuzzy numbers but also whether 
these fuzzy numbers are positively or negatively related. 
The researchers extend (11) by interval  CCd RLAC

p
,)(   

instead of (12), then 
 

)()()()(

)()()()(
),(

2222 BRBLARAL

BRARBLAL
BA

CCCC

CCCC
p




 .           (13) 

 

),( BAp  is called the weighted correlation coefficient 

between two fuzzy numbers A  and B . This correlation 

coefficient lies in  1,1  and gives us more information 

compared to correlation coefficient in [Sezer, 2012; 
Zimmermann, 1991] and some others, which lie within 

 1,0 . It has all mentioned properties from correlation 

coefficient introduced by Zimmermann [1991]; the 

researchers review properties ),( BAp  as follows: 

 
Proposition 
 

For any fuzzy numbers A  and B , we have: 
 

1. ).(),( ABBA Pp   . 

2. If BA  then 1),( BAp . 

3. If cBA  , for some 1),(0  BAc  . 

4. 1),( BAp . 

 
Proof 
 
The proof is obvious. 
 
Example 
 

Let         )(,)( 344121 aaaaaaA       and  
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Table 1. Summary of the result of comparison. 
 

Method ),( 76 GGp  ),( 86 GGp  ),( 96 GGp  ),( 106 GGp  ),( 116 GGp  

Hong and Wang 0.852 0.778 0.778 0.778 0.857 

Murty et. al 0.667 0.500 0.500 0.500 0.500 

Sahnoun et. al 0.224 0.000 0.000 0.000 0.000 

Proposed method with k=1  0.949 0.857 0.814 0.789 0.743 

Proposed method with k=2 0.894 0.814 0.781 0.763 0.731 
 
 
 

  )(,)( 344121 bbbbbbB  be two trapezoidal 

fuzzy numbers and  ,2,1,)1()(  kkp k  is the 

weighted function. Then, 

     

       243
2

12
2

43
2

12

43431212

)1()1()1()1(

)1()1()1()1(
),(

bbkbbkaakaak

bbkaakbbkaak
BAp






. 

 
The above example shows that the parametric function 
interacts on the correlation coefficient between two fuzzy 
numbers such that for large values of k this article has: 
 

2
3

2
2

2
3

2
2

3322),(lim
bbaa

baba
BAp

k 





  

 
Moreover if A  and B  be two triangular fuzzy numbers, 

whenever k , we have 

0,,),( 22
22

22  ba
ba

ba
BAp . 

 
Example  
 
Yen [2012] used to six grade levels (6th-grade to 11th-
grade) as student’s mathematical learning progress. He 

assigned the linguistic values 109876 ,,,, GGGGG  and 11G  

to these grade levels, respectively, and transferred these 
linguistic values to corresponding reasonable normal 

fuzzy numbers 109876 ,,,, GGGGG  and 11G  with triangular 

membership functions as follows: 
 










.12.0,0

,2.00,51

6 x

xx
G   

















.14.0,0

,4.02.0,52

,2.00,5

7

x

xx

xx

G
  























.16.0,0

,6.04.0,53

,4.02.0,15

,2.00,0

8

x

xx

xx

x

G
 























.18.0,0

,8.06.0,54

,6.04.0,25

,4.00,0

9

x

xx

xx

x

G
 

















.18.0,55

,8.06.0,35

,6.00,0

10

xx

xx

x

G   










.18.0,45

,8.00,0

11 xx

x
G  

The researchers use the parametric correlation coefficient 

to compute 11,10,9,8,7),,( 6 iGG ip . The result of 

comparison is summarized in Table 1. Throughout this 

section the researchers assumed that .)1()(
kkp    

This example shows that ),( 6 ip GG is decreasing in i , 

intui-tively. But the methods of [Wang and Li, 2007; 
Bustince and Burillo, 1995; Yu, 1993] have no decreasing 
behavior. For our method weighted function f interacts on 
correlation value between two fuzzy numbers. Hence, 
there is reasonable advantage in using the proposed 
formula (13). 
 
 
Conclusion 
 

In this study, the researchers introduce the nearest wei-
ghted interval approximation of a fuzzy number. A new 
type of correlation coefficient between fuzzy numbers is 
proposed and it is compared with some other methods. 
These indices can be used in many times series and 
regression models in a fuzzy environment. 
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