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In this paper, we introduce sufficient conditions for subordination and superordination for subclass of 
analytic functions containing Noor integral operator. On the other hand, we prove the subordination and 
superordination results by some theorem studies and proofs. There are also obtained a sandwich 
results by different ways. 
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INTRODUCTION AND PRELIMINARIES 
 
Let  be the class of functions analytic in  and  
be the subclass of  consisting of functions of the form; 
 

 
 
Let  be the subclass of  consisting of functions of the 
form; 
 

 
 
Let  and  be analytic functions in the unit disk  The 
function  is  to  written  if  is 
univalent,  and  In general 
terms, given two functions  and  which are analytic in 

 the function  is said to be subordinate to  in  if 
there exists a function  analytic in  with 

 such that 
 

 
 
Let  and let  be univalent in  If   is  analy- 
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tic in  and satisfies the differential subordination  
then  is called a solution of the 

differential subordination. The univalent function  is call-
ed a dominant of the solutions of the differential subordi-
nation if  If  and  are univalent in 

 and satisfy the differential superordination 
 then  is called a solution of the 

differenttial superordination. An analytic function  is call-
ed subordinant of the solution of the differential superor-
dination if  
Denote by  the operator defined by 
 

 

 
Where;  refers to the Hadamard product or convolu-
tion. Then implies that; 
 

 
 

We note that  and  The 
operator  is called Ruscheweyh derivative of nth or-
der of  Noor (1999) defined and studied an integral ope-
rator  analogous to  as follows:  
 

Let  and let  be defined  



����

 
 
 
 
such that; 
 

                         (1) 

������������������������������������������������������������������������������ 
Then 
 

 (2) 

                   
Note that  and  The opera-
tor  is called the Noor Integral of nth order of  Using 
(1), (2) and a well known identity for  we have 
 

 (3) 
                                                                   
Using hypergeometric functions  (2) becomes 
 

 
 
The following definitions can be found in (Noor and Noor, 
1999): 
 
Definition 1.1. Let  Then  (the starlike 
subclass of ) if and only if for  
 

 

 
Definition 1.2. Let  Then  if 

and only if  (the starlike subclass of ) for 
 

 
Definition 1.3. Let  Then  for  if 

and only if there exists  such that, for  
 

 

 
In the present work, we apply a method based on the dif-
ferential subordination in order to obtain subordination re-
sults involving Noor Integral operator for a normalized 
analytic function  
 

 

 
and 
 

 

 
In order to prove our  subordination  and  superordination 
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results, we need to the following lemmas in the sequel. 
 
Definition 1.4. (Miller and Mocanu, 2003) Denote by  
the set of all functions  that are analytic and injective 
on  where; 
 

  
 
and are such that 
 
  for  
 
Lemma 1.1. (Miller and Mocanu, 2000) Let  be univa-
lent in the unit disk  and  and  be analytic in a do-
main  containing  with  
 
When   
Set   
 
Suppose that 
 
1.  is starlike univalent in , and 

2.  for  
 
If :  
 
then 
 

 and  is the best dominant. 
 
Lemma 1.2. (Shanmugam et al., 2006) Let  be con-
vex univalent in the unit disk  and  and  with 
 

                   (4)             

 
If;  is analytic in  and  
 

 
 
then 
 

 and  is the best dominant. 
 
Lemma 1.3. (Bulboaca, 2002) Let  be convex univa-
lent in the unit disk  and  and  be analytic in a do-
main  containing  Suppose that 
 
1.  is starlike univalent in  

2.  for  
 
If ��  with  and 

 is univalent in  and 



���������������������������������������������������������������������������������������������������������������������������������
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then 

 and  is the best subordinant. 
 
Lemma 1.4. (Miller and Mocanu, 2003) Let  be convex 
univalent in the unit disk  and  Further, assume 
that  If ��  with 

 is univalent in  then 
 

 
 
Implies  and  is the best subordinant. 
 
 
SANDWICH RESULTS 
 
By making use of Lemmas 1.1 and 1.2, we prove the fol-
lowing subordination results. 
 
Theorem 2.1. Let  be univalent in  such that 

 is starlike univalent in  and 
 

      (5) 

                                                                      
for               
                                                                             
If  satisfies the subordination  
 

 

                                           (6)       

                                                                           
then 
 

 and  is the best dominant. 

 
Proof. Our aim is to apply Lemma 1.1. Setting 
 

 

 
By a simple computation shows that 
 

 

 
which yields the following subordination 
 

 

 
 
 
 
By setting 
 

 
 

It can be easily observed that  is analytic in  and 
 is analytic in  and that  when 

 Also, by letting  
 

 and  

 

 
We find that  is starlike univalent in  and that 
 

  

 
Then the relation (6) follows by an application of Lemma 
1.1. 
 

Corollary 2.1. If  and assume that (5) holds then 
 

 

 

implies 
 

 

 

and  is the best dominant. 
 

Proof. By setting  and  where 
 

 
Corollary 2.2. If  and assume that (5) holds then 
 

 

 

Implies 
 

 

 
and  is the best dominant. 
 

Proof: By setting  and  
 

Corollary 2.3: If  and assume that (5) holds then 
 

 



����

 
 
 
 
implies 
 

 

 

and  is the best dominant. 
 
Proof. By setting  and  
 
Theorem 2.2: Let  be convex univalent in the unit 
disk  and  satisfies 
 

 

 
If  for  and exists  such that 

 is analytic in  and the subordination 
 

 
 
holds,  then 
 

                                             (7) 

 
and  is the best dominant. 
 
Proof: Our aim is to apply Lemma 1.2. Setting  
 

 

 
A computation shows that 
 

 

 
which yields the following subordination 
 

 
 
Thus in view of Lemma 1.2, (7) is held. 
 
Theorem 2.3: Let  be convex univalent in the 
unit disk  Suppose that 
 

        (8) 

 
and  is starlike univalent in  If  
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Where;   

 is uni-

valent  in  and the subordination 
 

 

 
 
holds, then 
 

                                    (9) 

 
and  is the best subordinant. 
 
Proof:  Our aim is to apply Lemma 1.3. Setting 
 

 

 
A computation shows that 
 

 

 
which yields the following subordination 
 

 

 
By setting 
 

 

 
It can be easily observed that  is analytic in  and 

 is analytic in  and that  when 
 Also, we obtain 

 

 

 
Then (9) follows by an application of Lemma 1.3. 
 
Theorem 2.4: Let  be convex univalent in the unit disk 

 and  Further, assume that  
 
 If ��  with 
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is univalent in  then 
 

 

 
 
implies 

                              (10) 

 
and  is the best subordinant. 
 
Proof:  Our aim is to apply Lemma 1.4. Setting 
 

 

 
A computation shows that 
 

 

 
which yields the following subordination 
 

 
 
Thus in view of Lemma 1.4, we obtain (10). 
Combining Theorems 2.1 and 2.3, and also combining 

Theorems 2.2 and 2.4, we get the following Sandwich 
theorems: 
 
Theorem 2.5: Let  be convex uni-
valent in the unit disk  satisfy (8) and (5) respectively. 

Suppose that and  is starlike univalent in 

 If  where  
 

 

 
is univalent  in  and the subordination 
 

 

 

 
 
holds, then 
 

                           

 
 
 
 
and  is the best subordinant and  is the best 
dominant. 
 
Theorem 2.6. Let  be convex univalent in the 
unit disk  such that 
 

 

 
If  for  and exists  such that  
 

 with 
 

 

 
is univalent in  then 
 

 
 

 
 
Implies 
 

 

 
and  is the best subordinant. and  is the best 
dominant. 
 
 
Conclusions 
 
There are too many other results have been obtained by 
embedding the Noor integral in various other new form of 
classes, namely can be found in (Ibrahim and Darus, 
2008a, b). Many other results can be obtained by using 
simple technique of differential subordination introduced 
by Miller and Mocanu (2000), and present study have 
provide sufficient conditions for subordination and su-
perordination for subclass of analytic functions containing 
Noor integral operator. On the other hand, we prove the 
subordination and superordination results by some theo-
rem studies and proofs.  
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