African Journal of Mathematics and Computer Science Research Vol. 2(7), pp. 132-137, August, 2009

Available online at http://www.academicjournals.org/AJMCSR
© 2009 Academic Journals

Full Length Research Paper

On sandwich theorems of analytic functions involving
Noor integral operator

R. W. Ibrahim and M. Darus*

School of Mathematical Sciences Faculty of Science and Technology Universiti Kebangsaan Malaysia, Bangi 43600,
Selangor Darul Ehsan, Malaysia.

Accepted 7 July, 2009

In this paper, we introduce sufficient conditions for subordination and superordination for subclass of
analytic functions containing Noor integral operator. On the other hand, we prove the subordination and
superordination results by some theorem studies and proofs. There are also obtained a sandwich

results by different ways.

Key words: Noor integral operator, subordination, superordination.

INTRODUCTION AND PRELIMINARIES

Let H be the class of functions analytic in U and #[a, 1]
be the subclass of H consisting of functions of the form;

f(2) =a+anz" + apn1 2"+ .

Let A be the subclass of H consisting of functions of the
form;

f(z)=z4a2®+ ...

Let F" and GG be analytic functions in the unit disk U. The
function F' is subordinate to G, written F' < G, if G is
univalent, F'(0) = G(0) and F(U) C G(U). In general
terms, given two functions F' and G, which are analytic in
U, the function F'is said to be subordinate to G in U if
there exists a function h, analytic in U with
h(0) =0 and |h(z)| <1 for all z € U such that

F(z)=G(h(z)) forall z € U.

Let ¢ : C> — C and let h be univalentin U. If p is analy-
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tic in U and satisfies the differential subordination
d(p(2)), 20/ (2)) < h(z)then pis called a solution of the
differential subordination. The univalent function ¢ is call-
ed a dominant of the solutions of the differential subordi-
nation if p < ¢. If p and ¢(p(2)), zp'(z)) are univalent in
U and satisfy the differential superordination
h(z) < ¢(p(2)), zp'(z)) then pis called a solution of the
differenttial superordination. An analytic function q is call-
ed subordinant of the solution of the differential superor-
dination if ¢ < p.
Denote by D : A — A the operator defined by
z

D= i f(2),

(1— 2)ott a> -1,

Where; (x) refers to the Hadamard product or convolu-
tion. Then implies that;

AL (2) ™)

n!

D" (2) =

We note that D°f(z) = f(z) and D'f(z) = zf’. The
operator D" f is called Ruscheweyh derivative of nth or-
der of f. Noor (1999) defined and studied an integral ope-
rator I, : A — A analogous to D" f as follows:

, n € N():NU{O}.

Let f,(z) = W n € Npand let f,(l_l) be defined

—Zz



such that;

fn(2) * fr(z_l)(z) =

z
1—2z

Then

z

Lf(z) = fi7(2)  f(2) = [W]H) « f(2). (2

Note that I f(z) = zf'(z) and I1(z) = f(z). The opera-
tor I, is called the Noor Integral of nth order of f. Using
(1), (2) and a well known identity for D" f, we have

(n+ DInf(2) = nlng1 f(2) = 2(Tnr1 f(2)). (9)
Using hypergeometric functions 2 F1, (2) becomes
Inf(z) = [zQFl(]-v l,n + 172)] * f(Z)

The following definitions can be found in (Noor and Noor,
1999):

Definition 1.1. Let f € A. Then f € S* (the starlike
subclass of A) if and only if for z € U

%{M} >0, n € Np.

Inf(2)

Definition 1.2. Letf € A. Then f € N(*”), n € Ny if

and only if I,f € S* (the starlike subclass of .A) for
z €U.

Definition 1.3. Let f € A.Then [ € M(*n) forn € Nyif

and only if there exists g € N(*n) such that, for z € U,

21 f(2)]
I9(2)

In the present work, we apply a method based on the dif-
ferential subordination in order to obtain subordination re-
sults involving Noor Integral operator for a normalized
analytic function f

q(z) < %((5))]/ < q2(2)

R{ } > 0.

and

@1(2) < %((ZZ))], < q2(2).

In order to prove our subordination and superordination
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results, we need to the following lemmas in the sequel.

Definition 1.4. (Miller and Mocanu, 2003) Denote by )
the set of all functions f(z) that are analytic and injective
on U — E(f) where;

E(f) :={C €U :lim.f(z) = oo}
and are such that

1'(¢) £0for € OU — E(f).

Lemma 1.1. (Miller and Mocanu, 2000) Let ¢(z) be univa-
lent in the unit disk U and # and ¢ be analytic in a do-
main D containing ¢(U) with ¢(w) # 0

When w € ¢q(U).

SetQ(2) := 2q'(2)¢(q(2)), h(z) := 0(q(2)) + Q(2).
Suppose that

1. Q(z) is starlike univalent in U, and

2. RG> 0forz € U,

It 0(p(2)) + 20/ (2)6(p(2)) < 0(a(2)) + 2d (2)(a(2))

then

p(z) < q(z) and ¢(z) is the best dominant.

Lemma 1.2. (Shanmugam et al., 2006) Let ¢(z) be con-
vex univalent in the unit disk U and v and ~ € C with

Zq”(z) f
R{1+ 70 + 7} > 0. (4)

If; p(z) is analytic in U and

Up(2) +2p'(2) < Ya(z) + 724 (2),
then

p(z) < q(z) and q is the best dominant.

Lemma 1.3. (Bulboaca, 2002) Let ¢(z) be convex univa-
lent in the unit disk U and ¢ and ¢ be analytic in a do-
main D containing ¢(U). Suppose that

1. 2¢'(2)p(q(2)) is starlike univalent in U,
2. %{%} > 0forz e U.

If 1 p(z) € H[g(0),1]NQ, with p(U)C D and
I(p(2)) + 2p'(2)¢(z) is univalent in U and
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(q(2)) + 24 (2)p(q(2)) < I(p(2)) + 20 (2)@(p(2))

then
q(z) < p(z) and ¢(z) is the best subordinant.

Lemma 1.4. (Miller and Mocanu, 2003) Let g be convex
univalent in the unit disk U and v € C. Further, assume
that R{7F} >0. If @ p(z) € H[g(0),1]NQ, with
p(2) + vzp'(2) is univalent in U then

q(2) + 724 (2) < p(z) +v2p'(2)

Implies ¢(z) < p(z) and q is the best subordinant.

SANDWICH RESULTS

By making use of Lemmas 1.1 and 1.2, we prove the fol-
lowing subordination results.

Theorem 2.1. Let ¢(z) # 0 be univalent in U such that
% is starlike univalent in U and
2q"(z)  2q'(2)

¢(z)  qlz

%Ur+%q&)+

for a, v € C, v#0.

If f € A satisfies the subordination

2[In f(2)]) 2[In f(2)]" 2L f(2)])
US> ERREIIES +ic g ieon
724 (2)
= OZQ(Z) + q(z) ) (6)
then
p l
% < q(z) and ¢(z) is the best dominant.
Proof. Our aim is to apply Lemma 1.1. Setting
Z[Inf('z)]/
p(z) i= ————.
=)

By a simple computation shows that

_ o ASE))T 2 f(2)]
p(2) [1nf(2)] L.f(2)

which yields the following subordination

, a,v €C.

By setting

O(w) :=aw and ¢(w) := %, v #£ 0,

It can be easily observed that 6(w) is analytic in C and
¢(w) is analytic in C\{0} and that ¢(w)# 0 when
w € C\{0}. Also, by letting

q(2)
q(z)
h(z) = 0(q(2)) + Q(2) = aq(z) + vz

Q(z) = 2¢'(2)¢(q(2)) = vz and
q(2)
q(2)’

We find that Q is starlike univalent in U and that

zh'(2) 2q"(2) 2 (2)
Q(z) ¢(z)  q(2)

Then the relation (6) follows by an application of Lemma
1.1.

R

}z{l—I—%q(z)—l— }>0

Corollary 2.1. If f € A and assume that (5) holds then

1+ 2[If(2)]" 1+ Az (A— B)z
[nf(2)] 1+Bz (1+Az)(1+ Bz)
implies
A f(2)] | 1+ Az
, - 1<B<AKI1
If(5) “1+Bz =7 <AS
and {34Z is the best dominant.
Proof. By setting a =~ =1 and ¢(z) := {£3> where

~1<B<A<1.

Corollary 2.2. If f € A and assume that (5) holds then

2[Inf(2)]" 142 2z
Lt [I.f(2)] 1—2z 1-—22
Implies
2[Inf(2)] 1+=z2
I.f(2) = 1—2’

and % is the best dominant.

0

Proof: By setting o« = v = 1 and ¢(z) := it

—_

83

Corollary 2.3: If f € A and assume that (5) holds then

2\ In " .

[ f ()]



implies
A f()] 4
Liz)

Az

and e“** is the best dominant.

Proof. By setting @ = v = 1 and ¢(z) := e, |A| < 7.

Theorem 2.2: Let ¢(z) be convex univalent in the unit
disk U and v € C satisfies

24" (2)

q'(2)

If f e M*)for n € Ng and exists g € N(*)such that

R{1+ + - }>0 v € C.

% is analytic in U and the subordination

z[Inf(2)] 2(Inf(2))" z(Ing(z))
B rrem Ut o) ol
< q(z )+vzq’(2)7 veC
holds, then
21 f(2)]
Ihg(2)

and q is the best dominant.

< q(2) 7)

Proof: Our aim is to apply Lemma 1.2. Setting

_ 2]
P(z) = Lg(z)
A computation shows that
1oy Anf(2)) 2(Inf(2))" . 2(Ing(2))’
PO="1 MLy T Lyl

which yields the following subordination
p(z) +72p'(2) < q(2) + 724/ (2), v € C.
Thus in view of Lemma 1.2, (7) is held.

Theorem 2.3: Let ¢(z) # 0 be convex univalent in the
unit disk U. Suppose that

SR{% @)} >0, a, y €CforzeU (8

and % is starlike univalent in U. If

Ibrahim and Darus 135

ALICY ¢ 34]4(0)] N Q

Inf(2)
Where; f € A,

Z[Inf(z)]/ Z[Inf(z)]” Z[Inf(z)]/ . .
Sy o A S iy Ay T A
valent in U and the subordination

q(z) + v;q(’z()Z)
<oy | dlet@] L)
holds, then
2[Inf(2)]
q(z) < i) 9)

and q is the best subordinant.

Proof: Our aim is to apply Lemma 1.3. Setting

_ A f(2)]
PE) =)
A computation shows that
zp'(2) =14 21 f(2)]" . 2L f(2)]
p(2) [ f(2)] L.f(2)
which yields the following subordination

V24 () v2p/(2)
(2) + e < ap(z) + o) a, v € C.

By setting
Y w) = aw and p(w) := %, v #£ 0,

It can be easily observed that #(w) is analytic in C and
¢(w) is analytic in C\{0} and that ¢(w)# 0 when
w € C\{0}. Also, we obtain

V(q(2))
ela(2))

Then (9) follows by an application of Lemma 1.3.

R{ }:m% 4(2)} > 0.

Theorem 2.4: Let g be convex univalent in the unit disk
U and v € C. Further, assume that R{7} > 0.

If *“[Inf 2)} I= 'H[ ( )

udl 1] N Q, with
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z[Lnf(2)]
Ig(2)

is univalent in U then

Z(Inf(z))// . Z(Ing(z))/
U oy ™ et P

q(z) + ’vzq '(2)
< Inf {1 + [ (Inf(zz)) _ Z(I"g(zz))) ]}

implies

q(z) <

z[Inf(2)]
]ng(z)

and ¢ is the best subordinant.

Proof: Our aim is to apply Lemma 1.4. Setting

i Z[Inf(z)]/
p(z) = o)
A computation shows that
iy AR 2Unf(2)" 2(ng(2))
PO ML) T L) ]

which yields the following subordination
q(2) +v2q'(z) < p(z) +vzp'(2), v € C.

Thus in view of Lemma 1.4, we obtain (10).

Combining Theorems 2.1 and 2.3, and also combining
Theorems 2.2 and 2.4, we get the following Sandwich
theorems:

Theorem 2.5: Let ¢1(z) # 0, ¢2(2) # 0 be convex uni-

valent in the unit disk U satisfy (8) and (5) respectively.

Suppose that and “q(( )), 1 = 1,2 is starlike univalent in

U 1f G e 94[(0)] N Q where [ € A,

(~
2[Inf(2)] Al )"
I f(2) [nf(2)]

is univalent in U and the subordination

)

o ===

{1+

q1<z) + ”‘1(15;
]

E )
b+ e -

<aq2<>+”q;—g§))

holds, then

2[Inf(2)]

0./(2) < q2(2)

q(z) <

and ¢i(z) is the best subordinant and ¢2(z) is the best
dominant.

Theorem 2.6. Let ¢1(2), ¢2
unit disk U such that

(z) be convex univalent in the

2qh(z) 1 _
{1 — 0 C, R 0.

If f € M, forn € Noandexists g € N, such that

LI € H[gr (0),1] N Q. with
LS )Y W) #(Lug(2))
Tootz) Y T ez

is univalent in U then

q1(2) +v2q,(2)

< “"f {1 +[1+ L

a(z )+vzq2( )

Implies

Z[Inf(z)],
Ing(2)

and ¢i1(z) is the best subordinant. and ¢2(z) is the best
dominant.

@1(z) < < @2(2)

Conclusions

There are too many other results have been obtained by
embedding the Noor integral in various other new form of
classes, namely can be found in (lbrahim and Darus,
2008a, b). Many other results can be obtained by using
simple technique of differential subordination introduced
by Miller and Mocanu (2000), and present study have
provide sufficient conditions for subordination and su-
perordination for subclass of analytic functions containing
Noor integral operator. On the other hand, we prove the
subordination and superordination results by some theo-
rem studies and proofs.
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