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This paper studies the asymptotic behavior of solutions of the second-order nonlinear delay differential 
equations with impulses:    
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INTRODUCTION  
 
Liu and Shen (1999) studied the asymptotic behavior of 
solution of the forced nonlinear neutral differential 
equation with impulses:  
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Zhao and Yan (1996) the authors researched the 
effective sufficient conditions for the asymptotic stability 
of the trivial solution of impulsive delay differential 
equation:  
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In this paper, we discuss the asymptotic behavior of a 
class of second-order nonlinear delay differential 
equation with impulses. The equation is:  
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   ( ) ( ) ( ) ( ) ( ) ( )k k k k k k k kx t x t a x t x t x t b x t k Z′ ′ ′+ + +− = , − = , ∈ .           

                                              (2),  
 

where 0 1 20 limk kt t t t→+∞≤ < < < , = +∞L , and 

1 2k ka b k, , = , ,L  are constant. 
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1 2( ) ( ) ( ) ( ) ([0 ) ) 12 0i nr t p t q t h t C R i n σ σ σ+, , , ∈ ,∞ , , = , , , ; ≤ < < < .L L

  
Let 

0t
PC  denotes the set of 

function 0 0[ ]nt t Rφ σ: − , → , which is continuous in the 

set 0 0[ ] { 1 2 }n kt t \ t kσ− , : = , ,L and may have 

discontinuities of the first kind and is continuous from left 
at the points kt  situated in the interval 0 0( ]nt tσ− , . For 

any 
00 0 tt PCφ≥ , ∈ ,  a function x  is said to be a 

solution of (1) and (2) and satisfying the initial value 
condition:  
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in the interval 0[ )nt σ− ,∞ , if 0[ )nx t Rσ: − ,∞ →  

satisfies (3) and  
(i) for  

0( ) 1 2 1 2 ( ) ( )k k it t t t t t i n k x t x tσ ′∈ ,∞ , ≠ , ≠ + , = , , , , = , , , ,L L is 

continuously differential and satisfies (1);  

(ii) for  
0[ ) ( ) ( ) ( )k k k kt t x t x t x t′+ + −∈ ,∞ , , , and  ( )kx t′ −  exist, 

  ( ) ( ) ( ) ( )k k k kx t x t x t x t′ ′− −= , =  and satisfies (2).  
 
Because (1) can be transformed to one-order differential 
equations with impulses, so the existence and sole of 
solutions of (1) can be deduced by Wen and Chen (1999). 
A solution of (1) and (2) is called eventually positive 
(negative) if it is positive (negative) for all t  sufficiently 
large, and it is called oscillatory if it is neither eventually 
positive nor eventually negative. Otherwise, it is called 
nonoscillatory.  
 
  
MAIN LEMMAS  
 
Throughout this paper, we assume that the following 
conditions hold:  
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Lemma 1 
 
Suppose that ( )x t  is a solution of equations (1) and (2), 

and there exists 0T t≥  such that ( ) 0x t t T> , ≥ ,  If 

3( )H  hold, then
   ( ) 0 ( ) 0kx t x t′ ′> , >

, where 

1( ] 1 2k kt t t k+∈ , , = , , .L   

 
 
Proof 
 

First, we prove  ( ) 0kx t′ > ,  for  all kt T≥ .  Otherwise,  
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there exists some j  such that  ( ) 0j jt T x t′≥ , < , then 
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By induction, we have, for all 2n ≥ .   
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Integrating the above inequality from s  to t , we have  
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By induction, we get, for all n   
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Theorem 1 
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every nonoscillatory solution of (1) and (2) tends to zero 
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oscillatory solution of (1) and (2). We will assume that 
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which is a contradiction and so L R∈ .  By integrating 

both sides of (7) from Nt  to  

t , we have: 
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which, together with (4) implies that 
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proof is then complete.  



 
 
 
 
Lemma 2 
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By the condition 4( )H , we get ( ) ( )j n jx t x t+ < ,  which is 

a contraction. The proof is complete.  
 
 
Theorem 2 
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Then every oscillatory solution (1) and (2) tends to zero 
as t → ∞.   
 
 
Proof 
 
Let ( )x t  be an oscillatory solution of (1) and (2). We first 
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then ( )z t  is bounded and for sufficiently large t ,  
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thus, by 2( )H and (8)  
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on the other hand, we have by (16) for 
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From this we see that  ( )z t′  is oscillatory. Hence there 

exists a sequence  { }mξ ′  such that 
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 ( ) 0 12mx r mξ ′ − = , = , , .L similar to (15) we can obtain by (16) 

and (18), there is a  
m mξ ξ ′> ,  such that  
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which implies by (8) and 2( )H  that  
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This, together with (17), yields  
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Therefore, by (9) we have  
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which implies 0µ =  by (9) and so,  lim ( ) 0t x t′
→∞ = .  

Hence we can obtain that lim ( ) 0t x t→∞ = .  Thus, the 

proof is completed.  
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