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INTRODUCTION

We give a soluton to a problem about the L2
boundedness of certain oscillatory integral operators,
Ricci and Stein (1987), Stein and Weiss (1971). Which
was proposed by Phong and Stein (1987),

The operators we study here are of the form

THE = [ @K x—0roay "

where (Bx, y) is a real bilinear form, and rank(B) = k, K is
a function which is smooth away from the origin,
homogeneous of degree — (n — k). For operators,

f- p-v.f 200 K (x — 3)f(¥)dy, 2
R.i"l

where Kis C~ away from the origin, coincides with a
homogeneous function of degree - & for large |xI, with a

x|

homogeneous function of degree — n for small
satisfies the cancellation condition.

, and

J- K(x)do(x) = 0O
el == (3)
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for © small, Phong and Stein showed that if H =M.
rank(B), then these operators are bounded on L*(R).
Clearly, the kernel functions are homogeneous of critical
degree that is, u = n - rank(B). In fact, when rank(B) =
0'u =mn) , these operators are simply the classical
singular integral operators, by the theorem of Calderon
and Zygmund, they are bounded on L? if and only if

J. K(x)da(x) = 0.
st=1 (4)

In the other extreme case, one has rank(B) = n, namely
the bilinear form has full rank, and Kis homogeneous of
degree 0. We notice that as a special case, when Kis a
constant, the operator becomes the Fourier Theorem,
which is known to be bounded on L®. Furthermore, Phong
and Stein showed that, for general function K which is
homogeneous of degree 0, the operator is still bounded
on L% Determine the L? boundedness of those operators,
when 0 < rank(B) < n. Their solution is as follows.

Theorem 1

(i) If Range(B) = Range(B'), where B' is the transpose of

B, and Rangefﬂj" denotes the orthogonal complement
of Range(B), then the necessary and sufficient condition



K rpyd
for T to be bounded on L*R") is that |Range(8) ,as a

function on the space Range(Bj_, has vanishing mean
value on the unit sphere.

T
(i) If Range(Bj # Range(BY) o for all K which is
smooth away from the origin and homogeneous of
degree — (n — k), T is a bounded operator on L(R"). The
fundamental difference can be best seen in the following
two operators on R

. 1
Ty: Ty f (xy,x,) = j e . y2)dyy dy,
£ lx — vl
Ty Tof (xy,%,) = J e flr vz )dy, dyy.
R |lx -yl

Now, to explain the condition given in Theorem 1

K |Rr1 nge (B) L

that , has vanishing mean value on the unit

sphere, we let E = Range(Ej , and L be a linear
transformation which maps R’ ~ “ to E, the (n — k)
dimensional subspace of R’, that is, L(R™* ) = E. The
definition for K|z to have vanishing mean value is that K
satisfies the following

f  K(x")do_y(x7) = 0.
x"eR"T T 2" =1 (5)

Since K is homogeneous of degree — (n — k), it can be
checked that this definition does not depend on the
choice of L. When the matrix associated with the bilinear
form Bis of the form

Al 81
(et o) ©
where A, is a nonsingular k x k real matrix, By is kx (n—

k) real matrix, we can see that condition (5) is exactly the
following

f k(0% do(x") = 0.

="eR™ T x"=1 (7)
The following simple lemma says that any matrix B which
is of rank k can be normalized as in Equation (6).

Lemma 1

Suppose that B is a n x n real matrix, rank(B) = k. Then
there exists a n x n nonsingular matrix P such that;
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_ (A, B
pep= ("2 1)

where A; is a k x k matrix,

|A,| #0,B; isak X (n—k)matrix.

Now Yibiao (1991) prove Theorem 1 in the model case.
In fact, let

e PR g (x —y)f(y)dy

NG = |

R."l

where Ki(x) = K(Px), P is the matrix in Lemma 1. Then
we get TA(Px) = Ti(f)(x) and fi(x) = f(Px). The L*
boundedness of T is therefore equivalent to that of T;.
But now the matrix in the bilinear form in T; is of the form

G %)

0 0

The condition Range(B) = Range(B) (Range(B) #
Range(B') is now simply B, = 0 (B; # 0). Now we will
assume in the following that all the bilinear forms are as
in (6).

Theorem 2

Let x = (x', x") denote a point in R", where

x ERF x"eR™K

Tf(x,x") = J. ' B K (x — y)f(y)dy
=J e By ey

v ®)
Where A; is a k x k nonsingular matrix and B; is an
arbitrary real k X (n — Kymatrix and K satisfies (7);

then the operator T is bounded on L*(R") to itself.
Lemma 2
Suppose that K is given as above. Let
_ by ifx !
() =Kyl ) = fare ™ REENE

That is, K; is the Fourier Transform of K in the x"
variables. Then for any
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0,00 = (0 ., 0), 0, integer,and O, = 0,|a = @, + -+ 0, we have

aﬂ

oy KX = Cqlx 7

(10)

where Ca is a constant independent of x".

Proof

(i) For & lal = O,we have

Klfx‘,x"]‘ =

g iy " " "
v fpere " g K]

56f - d <C |x] M
¢ Jenms (I P+ |3 Tl = "

(i) For& =0, we need to prove that

=C

J Ei.x".f"K{x'JfH]dxn
" -k
where C is independent of x', x".

When * — 0, K(0,x") is homogeneous of degree — (n
— k) and has vanishing mean value in x", its Fourier
Transform is bounded; that is,

=0C

[ oo enae
Ak (11)

for some absolute constant C. Now we assume that
x *=0.LetR = |x.

e ER.X:M.‘?;”K (x_ n.\-) d:nﬁ-
R ]

-k

= J- g iR (K (x—- ”) — KO, 7" )d -
) L7 [ T
Rﬂ—r{ R

+ J. e B k(0,9 dn".
i i

[ eertea= [

By (11), we have

f b (0%
Rﬂ-if

<04 f e"“*"-”"(ff(f,n”)-K(D,n”))dn”
ek R

Notice that,

‘K (%m”) —K(0.7")

Let ¢ be a c function which is radial, and satisfies

=C

|??N|ﬂ'_k +1°

and ¢(x)=0 if |[x]=1.

dpx)=1 if |x] 5%

Breaking the integral into two parts, we get

f LR de
Rﬂ —HK

f e*“"”"'"(ff (%n) —K(0, n")) ¢(|n~|2)dn~‘
Jﬂ_kein”.ﬂ” (K (%;?}N) — K(0, ??N)) - ¢(|??"|2)]dﬂ”‘-

The second integral is

=C+

+

1

i: CJ- Towjm—ks1 d‘l’}‘” £ c.
llz1z 177

We also have

—_— x'
J ‘e'R“’K(Rj,n”)(ebln”lz)dn”
Rﬂ-l{

Similarly, we can get the estimate

<J. dr =C
"Lt B ERR T

f e, ) ey’ < C.
-

This concludes the proof of the lemma. Now, Yibiao
(1991) prove Theorem 2. In (8), taking Fourier Transform
in the x"variables, we get

Lt @ . ' ' o .
=J“ J J‘ ‘e!() Agx+ekff+y BLnK(x —yE —}’)f(}’,}f )d}?d}? dé
RY R/

. _Ir r " 1 '] P
jk e’ 4% g(y,x")K,(x — ¥, x" + Biy)dy
R
Where

-,

) - "l . Ir -
‘ o %Y (f(}?,y”)e'y By dy"
gk



Clearly, we have

[ oo »
R‘i"l.—hf

dyt = (zm”"‘] 1F )
Rﬂ—r{

RESULTS

Theorem 3

ffm+1 =Sfn o m=0,12,..

F(f)(z) = f e 1= 44 £ () d,

RF{
where A; is a non singular matrix. Ahmed (2009).
Show that;

F(fns1)(x) = f e ™= AT (ST ) () dny

(i) R* for
suitable f“, and
(ii) ”F(fm+1j||.&1 = '[:ZTIJME|J‘11|_1"f2||.fr;q+1||1f1

T
(iii) If S is a contraction then IECS™fo)llz < Cllfyll2

W k
We define the operator S on Co (R jby

NG = [ e M K — v+ B A )y
RI{

(12)
@k
for f € Co (R¥), g x7is arbitrary in R™
Pan (1991) prove that
2 2

for some constant C which is independent of x”, then, for
fecy (R

2

R

= o z .
(5K ) = IS Dl ey
L*(R"dx

zd}r‘.

<c f lg(y,x")
Rl{

By Plancherel’s Theorem

2
dx’

[ e
Rﬂ.-l{

||T(n||§zwﬂ} = f dx'f ‘
Rﬂ.-r{

Rr{
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N ! " 2 !
<c| a| latiafay = clite,
Rﬂ—lf le

He has reduced the study of the operator T on L*(R") to
the study of an operator S on L?(R"). For

oo L4 ke
Fec;y(R*),x R write

(7)) = J R Gy, EBf6)d

= (5:1)(x) + (5:6)(x)
Where

600

R

ke"v"r“lt"Kl(x—y,HBiy](l—qb)(x—y]f(y]d}f
and

.00 =

‘ eV 4K, (x - ,¢ + By)p(x — ) (v)dy.
Rhf

K, (»~  §+BYyll.=C

By Lemma 2,
(N1 <c | oG- NIFeldy
R* which implies

the boundedness of S, on L*(R). Now Yibiao (1991)
proved that

15,13 < ClFl 2

Let

, and we get

FNG = |

—izt
e = AT (n)dn.
RI{

IF(H)lz = 22) 24,72 fl 2.

So we have that
But

FsN@= |

R

—ixr
€ AT(S,f)()dn

4

= J. J. oA i Ay K, (n-y,E+By)(1-0)(n-y)f(y)dy dn
R R

J (1= R B ) 0)) .
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Let Fey(u) = F({i —P)K (-, + B{}r]){u]

We claim that

By (] < o || ¥ (15)
for N> k, and

1
|F{:&{x]| ‘: CW (16)

The constants Cy and C do not depend on £ or y. To

_1 —
ATt = (@)1 be the inverse
k

D 1 Z Xs i d
= — — a. —
[ | |x]2 du;

z=1,j=1

prove this, we let

matrix of Ay, and

Dﬂ(e—ixtﬂiu) — E—ixrﬂiﬂl
So
get

Integrating by parts, we

NOE f x4 Y¥(1 — 6) (WKy (& +BEy))du

<c f e
SR e S

if N> k, which proves (15).
To prove (16), we break the integral into two parts,

‘F{&.(x]‘ =

f WA= ) WK, (¢ + BEy)p(xluf)du
Rr{

_l_

[ 1 Ot + B - APl
Rl{
=l + b

By Lemma 2.

1
|al =1yl |x|

To estimate b, take N > k, and use integration by parts,

2| 480 o+ - o)

RF:

In light of (15), we need only to be concerned with those

_ 21,,12
| x| -::1f4.F0r1 o(lx[ |ul*) # n, e

must have lul > 1, and (1-¢)w=1
integration by parts,

X which are in

Using

|Iz| =

I (D, Ruf 4By ()

=y

Jl+1Bl=n "R

T aﬂ
Pt Ky(w¢ +Bly)

P (1= (el ul?)) | du

WB#0

Those terms wit are bounded by

1 1 18l 1
el J o<ttt <a Jcl
For terms with B = D, we have
=C 1 j du = C 1
1Y Jisn ez ™ |

for N> k. This proves (16).

o k
Now take another function Y e (R"),

w=1 |I|5UE
where or

and supp e {lxl =13

We write F(S; f) as the sum of two parts:
- " .
,_'(S1 f)=53f+54f WhErE f{}?j = EI} ﬂi-}’f{}r]

and

51 |

Rh!

¢ HR(1- g 4B )1 V- o)

5,00+ J AR, .+ B )P -0l

Rn’
By (15), the kernel of S; is bounded by



1
T+ le—yDY

So it is obvious that S; is bounded from L*(R) to itself. In
order to study the operator S;, we introduce another
operator Ss, defined by

(5.0 [ F(- 04 + B e 0= )0y
RH

Once we prove that

ISsFllgemry = CUFI=cnrs 17

We can get the estimate for S, as follows.
R¥ = Qo
Let UﬂEZ‘
Q. = {xER¥|-1/2<x;—a; <1/2,j =1,...k}.
We have

()0 | or-

R

O, (¢ £ Byy)) (x =y (x = y)f 1)y, ).

{f}\‘f@n] <@

So it is easily seen that supp S,
Where

Q;={xERk“xj—rxj|£3f2, j=1,..,k}

and we can see that

Write

(5= | R84 -

_ pixtda J el 40D p(1 - p)K, (- £ + B))(x— y)
RI{

X P(x — ) (e? 40D f(y) x, (v))dy.
Applying (16)

|(Safxg,)(x) — e 445 (S, (e 4: 072 3o £)) ()|
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4

—ilx—y)F - 1
Cf.le E A = IFO T 2oy
& x =yl

T

|l (x — ¥)
C Li’ [Py |f)xg, (37)dy. ")

By (17) and (18) we get

5.l s, = €l 2, |

L:I‘I:Rk} (19)
K
Uniformly in a€Z "Now

IS f(x)1? = 54{fﬂfr2a{x]xr2; (x)

aeZ"

< ( Z |54 (Fxg,)(x) |z)( Z Xo: (x))

aez” aez"

=c ) 15.(F e )"

aex™

By (19) we obtain

ISufWZecary <€ D g llm e = CIFNZry

@eZ™

Now we prove (17), that is, the boundedness of Ss.
Observe that

j R (1) (2)dz = (20014, ()

|4, |

where is the determinant of A;. Let

FA@)@ = @ 14, [ e~ g(dz.
Fi(gy) = (F7¢) = (F'y) for gy €5
= FH{y)(x)

By the definition, we have

We have

W(x)

Now let

F(5,)(0) = f (P R+ By e )y

j e (11— 9)K, (¢ + Bly) = W) (F () dy

j W()S (€ 4 F (1)) (x — w)du
R (20)
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Where the operator S; is defined by
A
(SN0 = (1-6(3)) | 47K, + By
Rr{

If we can prove that
|I55f|IL_5 RK} = Cllf"L_z RK}

Then by (20) we would have
15,148, < f 54 )y <

Since Y €5. To prove (21), we shall discuss the
following two cases separately.

(i) If By = 0, we have

(5N = (1=K (D) [ e 4573y,

RK

By our estimates on Kj, one gets

IS.f(x)|=C

j e A f(y)dy|.
Rhf

So by Plancherel’s theorem, we see that (21) holds.

(i) IfB *0 , then there exists two nonsingular matrices
M and N; M is kx k, Nis (n— k) x (n— K), such that

MB,N = (IE'* g]

where we have assumed that rank (B;)) = m,
and 0 < m < min{k, (n — k)}.

Write Sef (x) as

5066 44| Oy

n-k
Ay .
Where "1 is nonsingular. We have

(5ef)lx) = (1-¢(x])f . o N dnf s )y

e

and

(5N ) =(1 qﬁ(A;lM'lx))J e W (ATt N WLdy

Rﬂ-;{

“f o (+HHENT £ (01°y) || dy.
Rk

Let

o=,

Clearly, we have

”H”ﬂm;"} = (zﬂ:]kﬂ|M|_1H"f”ﬂmﬁ}

eV f(M*y)dy.

and

1
|(S)(A7"M )l < CJ;HW g(x+MB,Nn) dn

As

H(I 1 MB1N"I] = H(xi 05w Xy T M Xt --':Ik]

k. we have

(5@l Cfﬂmg(xl e T 1 Ly 0 el

for some msuchthat 0 < m < k,n —

1
X .J‘.Rﬂ'?f'ﬂl (|x|1+|ﬂ|z}[ﬂ—?{jjz dﬂmﬂ dﬂﬂ.—k
Since n—k>n—-k—m

< CJ- Xy + Ny oees Xy + s Xy ooes Xy
T Igm (Ix2+n7 +- +n2)m™?
=:CJ. 9%+ Mgy oo X s T s %)
T Jm (I DO (el £ [ )

We recall that the operator on L*(R")

flx+t)
Bt |X| + |t|

dn, ...dn,,

dry ..dn,

fix) — dt, x€ R?

is the Hilbert mtegral operator, and it is well known that
this operator is bounded from L[® to itself (Phong and
Stein, 1986), (Pan, 1989). By induction we have



J IS F(AT*M 1 x)|*dx, ... dx,,
R‘i‘l‘l

=C Jmlg{xl,..., Xy Xgps e Xpe )22y od,
R

Integrating with respect to R e T get

J‘ (S IATM T )P dx < Cllfll 2 v,
Rr{

. 2
IS¢z ety < CIFIZ,

Which implies that )" 50 (21)

is proven.

Proof of the main result

(i) Form = 0,12, ... the iterated sequence will give

FRW=| =g 0d=| e R6H0h, n=t

e e

me{f“WwF}wWMMme

RK i

] J R
RI{
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Thus, generally

Gud®)= | 4L = | S,

Rr{

(ii) In (i) taking the supremum over all

lxll =1 & ?]"{x] = X we can find
”F(fm+1j||.&1 = '[:ZTIJME|J‘11|_1"f2||.fr;q+1||1f1

= k2 -1/2 m
(iii) Letting € = (270) |4, & lIs™l=1

”F{Smfu}"ﬂ = C"Smfu”;ﬁ = C”fu”ﬂ-
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