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In this paper, a natural dual of an injective semimodule which was obtained by reversing the arrows in
the definition of injective semimodule and replacing epimorphsims with monomorphisms was
considered. These new objects are called “projective semimodules”.
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INTRODUCTION

In any category ¥ , an object Pe ¥ is said to be
‘projective’ if every arrow h: P——— N in y factors is
through any epimorphism f: M —— N in y : that is,

there exists an arrow g: P——> M iny with h=f g.

Projective objects are dual to ‘injective’ objects, which are
defined by reversing the arrows in the foregoing definition
and replacing epimorphism with monomorphism. In
contrast to the category of modules for rings, an
epimorphism of semimodules must be surjective. This
has led to some confusion between surjective morphisms
and epimorphisms in the category of semimodules
(Takahashi and Wang, 1982). This confusion has in turn
led to an unnatural definition of projective semimodules,
which are defined in many papers by replacing the
epimorphism in the definition with a surjective morphism
(Huda, 1995; Golan, 1992; Michihiro, 1983). This
confusion was clarified in Takahashi and Wang (1982),
where it was proved that an epimorphism of semimodules

f :M —— N is surjective if and only if it is iregular,

that is, f(M)=Imf:= {ne N:n+ f(m)=f(m)
for some m,m’'e M }.

The aim of this paper is to introduce a more natural dual
to injective semimodules. We call these new objects
“projective semimodules”. In this context, classical
projective semimodules will be seen to be weakly
projective. Subsequently, after preliminaries, the
epimorphism f of cancelable semimodules was

characterized in terms of Im f in epimorphisms over
cancelable semimodules, after which the concept of
projective semimodules was defined and its structure was
studied. Also, an example of a weakly projective
semimodule that is not a projective semimodule was
given. Finally, projective  semimodules  were
characterized over the class of cancelable semimodules.

PRELIMINARIES

Throughout this paper, R denotes a semiring with identity
1 and all semimodules M are unitary left R-semimodules:
that is, 1.m =mVme M . We recall here (Huda, 1995,
2002, 2003; Golan, 1992; Michichiro, 1982), the following
facts and definitions:

1. Let f:M——N
semimodules. The subsemimodule Im f of N is defined
as Im f={neN:n+f(m)=f(@m) for some
m,m’'€ M}. Then f is i-regular it f(M)=1m f;f is
k-regular if for any m,m’e M , f(m)= f(m’) implies

be a homomorphism of

m + k=m'+k’for some k,k" € Ker f; fis regular if it
is both i-regular and k-regular; f is a monomorphism if
and only if whenever g and g' are distinct R-
homomorphisms M —— M for some left R-

semimodules M, then f g # f ¢'; and the dual fis epic if
and only if whenever g and g' are distinct R-

homomorphisms N — N'for left R-semimodules N/,



thengf# g'f.

2. Pis a ‘weak projective semimodule’ if and only if for
each surjective R- homomorphism

f: M —— N the induced homomorphismf: Hom (P,

M)——> Hom (P, N) is surjective.

3. The sequence K M f N is an ‘exact
sequence’ if Ker f=Im h and ‘properly exact’ if Ker f= h

(K).

4. A short sequence

0 K h M f N
his regular.

0 is ‘left regular’ if

5. A semimodule M is cancelable if for all m, m', m" e M,
m+m=m+m"= m'=m"

Remark 1

For potential applications, it is noted that semimodules
are important tools over semirings for studying the
properties of semirings, and the latter arise in diverse
areas of applied mathematics, including optimization
theory, automata theory, mathematical modeling and
parallel computation systems (Golan, 1992).

EPIMORPHISMS
SEMIMODULES

OVER CANCELABLE

The following result characterizes an epimorphism f of
cancelable semimodules in terms of Im f.

Proposition 1

If £ M —— N is an R-homomorphism between
cancelable R-semimodules, then f is an epimorphism if
and only if Im f=N.

Proof

Let fbe an epimorphism. Set N' = Im £. Then we have
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R-homomorphisms from Nto N/ N'definedby g: n =0
/ N"and g': n+—n/ N'. Moreover, g f= g'f. Since fis
epic, g=g" Hence, n/ N'=0/ N'forevery n/N'€ N/
N'. Therefore, for every ne N, there exist n'1 ,n'2 e N’

such that n+n'1 = n'2 where n'1 ,n'2 e N’. Thus, Im f
= N. Conversely, it can be assumed that Im f= N and

g,8 :N—— N’ are distinct R-homomorphisms to

some left semimodule N'such that g f= g’f . Since Im f=
N, it follows that for every n € N, there exist m, m’ such
that n + f(m) = f (m)). Hence, g(n) + gfim) = gf (m") and
g'(n)+ gf(m) = g’f(m"). Since N'is cancelable, g' (n) =
g(n). Therefore, g = g'shows that fis epic.

The following example shows that epimorphisms of the

class of cancelable semimodules need not to be
surjective.

Example 1

The set N of non-negative integers and the set Z of
integers are considered with the usual operations of
addition and multiplication of integers. Clearly, both N
and Z are cancelable semimodules over N. Let ii N

——— Z be the inclusion homomorphism. It is easy to
show that Im j = Z, and by using the previous proposition,
i is epic. Consequently, iis an epimorphism which is not
surjective.

PROJECTIVE SEMIMODULES

Here, the notion of projective semimodules is introduced.
Also, some theorems about injective semimodules are
dualized. In example 5, it was shown that a weakly
projective semimodule does not need to be a projective
semimodule. The notion of projective semimodules is
concluded by showing that the class of all projective
semimodules is closed under direct sum.

Definition 1

A semimodule P is ‘projective’, relative to M (or Pis M
projective) if for every epimorphism . M —— N and for
there is a

every homomorphism ¢:p— N

homomorphism g : P —— M such that the following
diagram commutes (Figure 1a). In other words, P is M

projective if and only if Hom (P, f): Hom g (P, M) ——>
Hom g (P, N) is a surjective N-homomorphism for every
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epimorphism f:py — 5 N .

Definition 2

A semimodule P is projective if it is projective relative to
every semimodule.

Example 2

Let Z be the set of all integers with usual addition and
multiplication. Then Zis projective relative to itself over all
N-cancelable semimodules, where N is the set of all non-
negative integers.

In module theory, projective and weak projective are
equivalent concepts. However, this is not true in
semimodules, as shown in example 3.

Proposition 2

Every projective semimodule is a weekly projective
semimodule.

Proof

This follows immediately from the fact that every
surjective homomorphism is an epimorphism.

Recall that in the case of modules, every free module is
projective. The analogue of this result for semimodules
does not hold, as shown by the next example. Since
every free semimodule is weakly projective, the example
also shows that a weak projective semimodule does not
need to be projective.

Example 3

Let N be the set of all non-negative integers. Clearly N N
is a free semimodule, so it is a weakly projective N-
semimodule.

Consider the homomorphism h: N xN—— N x N
defined by the rule

h(n,m) =2n+mpn).

It can be shown that (1,1)¢ A ( N x N). Thus, h is not
surjective. Now for every (n, m) € N x N, there exist

/’ P
(n,mM)E N x N such that

(n, m) + h(n —m,m’+ 2m—n)=h(n,m)

where n”>m,m’>n . Since N x N is a cancelable
semimodule, h is an epimorphism. If N x N were to be

projective, then there would be a homomorphism g: N x
N —— Nx Nsuch that hg:leN and h would be

surjective. Thus, this would have been a contradiction, so
N xN is not projective.

Since the projective is the dual of the injective, the
theorems about the injective semimodule in Golan (1992)
can be dualized. The proofs are easily established by
dualizing the proofs of the analogous results for the
injective case.

Proposition 3

Let (Py)qge A be anindexed set of left R-semimodules.
Then, @ Py is projective if and only if each Py is
projective.

Proof

Consider the following diagram (Figure 1b), where f is
an epimorphism. Since @ Py is projective, we have the

following commutative diagram (Figure 1c): where Ty is

the canonical projection: that is, g 7= fh. Therefore,
we have the next commutative diagram (Figure 1d):
where i, is a canonical injection. Thus, Py is

projective.
Conversely, we consider the diagram (Figure 1e) where

f is an epimorphism. For the fact that Poc is projective,
we have, for each e A, the commutative diagram
(Figure 1f) and gld:fha. Thus, the diagram in
Figure 1g commutes, where

n n
WY Py)= 2 hag(Pg).

a=1 a=1
® Py
It follows that @€ A is projective.
CHARACTERIZATION OF PROJECTIVE

SEMIMODULES OVER THE CLASS OF CANCELABLE
SEMIMODULES

At this point, the projective semimodules are considered
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Figure 1. (a) Commutive homomorphism diagram (b) Homomorphism diagram (c)

Commutive homomorphism diagram (d)

Commutive homomorphism diagram (e)

Homomorphism diagram (f) Commutive homomorphism diagram and (g) Commutive

homomorphism diagram.

over the class of all cancelable semimodules u .

Theorem 1 asserts that P is projective if and only if Hom
(P, -) preserves the exactness of all left regular exact
sequences over cancelable semimodules.

Theorem 1

The following conditions on an R-semimodule Pe u are
equivalent:

(i) Pis projective.
(i) f o—— ks —f s N0 is any left regular exact
sequence of R- semimodules, where N, M, KE U, then

f

0—— Hom p (P, K) LHomR(P, M —>

Hom(P, N) —>0 is properly exact.

Proof

(i) = (ii): By Theorem 2.6 in Michichiro (1982), the

sequence 0—— Hom p (P, K) L> Hom p (P, M)
/

——>Hom (P, N) is exact and his regular, so the
sequence is properly exact. Since Imf = N, f is an

epimorphism, and by (i) the sequence 0——

Hom p (P, K) —)h Hom p (P, M) —)f Hom(P, N)

—— 0 is properly exact.

i) = (i) f f:M——>Nis an epimorphism, then
clearly Imf=N. If we let K= Kerfand apply (ii) to the exact

sequence 0— k- m—f snN— 50 , the result
follows.

The next theorem shows that for the class of all
cancelable semimodules, P is M projective if and only if
Hom (P, -) preserves the exactness of all exact

sequences M"—S8 M —L s m’ | where f is k

regular.

Theorem 2

The following statements for cancelable semimodule P
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Hom (P, M"—5— Hom( (P,.4)——5 Hom (P, M7
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Homi(P, Kerf)

0 0

Figure 2. Commutive homomorphism diagram.

are equivalent:

(i) Pis projective.
(if) For every exact sequence of left R-semimodules.

g S

M —=sM—— M’
where f is k-regular andym ”, M ,M "€ u , the sequence

Hom (PM)—E—Hom (P, M) —L 5 Hom(P, M) is
properly exact.

Proof

(i) = (i): Let £ M——> N be an epimorphism. Since

M—8 sN— 30 is an exact sequence with N——0 k-
regular, it follows by (ii) that Hom (P, M)—— Hom (P,

N) —— 0 is properly exact and therefore P is
projective.

(i) = (ii): Let P be a projective semimodule. Suppose
that M~ —£

M —L s M’ is an exact sequence with

i
f kregular, the sequence 0—— Kerf ——> M
%M/ Kerf —— 0 is left regular exact. By Theorem

[
1, the sequence 0 ——> Hom ,, (P, Kerf)——Hom (P,

M) —Z 5 Hom (P, M/ Ker f) ——0 is properly
exact.

Now let : M"—— Kerfand s: M/ Kerf ———> M’
be defined by t(m") = g (m") and s (m / Kerf) = f (m).
The following diagram commutes (Figure 2): where
t(hy=th and s(q)=sq,he Hom p ( PM) and
g€ Hom p (P, M/ Kerf). Now choose h,qe Hom (P, M
/ Kerf) such thats(h)=s(g). Since 7 is injective, h = q.
Clearly, tis an epimorphism. Next, choose e Hom p (P,
Kerf).

Since P is projective, there exists k : P——— M ”such
that the following diagram commutes (Figure 3a).

Thus, ¢t is surjective. Therefore, Figure 3a is a
commutative diagram in which the non-horizontal
sequences are all properly exact. By corollary 3.2 in
Huda (2002), the sequence

Hom (P, M") —— Hom (P, M) —— Hom(P, M')

is properly exact. The next result shows that class L2 (P)
of all semimodules Me 1, where P is M projective, is

closed under homomorphic images.

Proposition 4

Let Peu . If M / M’ 0 is an exact
sequence with M, M'e u and Pis M projective, then Pis

projective relative to M .

Proof

Let M '——— N be an epimorphism and g :P —— N

a homomorphism. For the fact that f and h are
epimorphisms, h fis epic. Also, since P is M projective,

there exists a homomorphism g: P——5 M such that



g g

E

ML 5 Reif ——0 h

M—L s N0

(a) (b)

Figure 3. (a) Commutive homomorphism diagram (b) Commutive
homomorphism diagram.

the following diagram commutes (Figure 3b). Therefore,
Pis M'projective.
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