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Supply Chain Management (SCM) is a network of facilities and distribution options focused on cost,
customer service, inventory cost, and the flow of activities within companies and organizations, with
the main goal of maximizing profitability. Supply chain practices and inventory management ensure
that products are delivered to customers with greater accuracy, safety, and promptness. However, the
level of profitability in the supply chain when company management employs high service level drivers,
conversant with road networks and quantity-based shipment consolidation for delivering finished
products to retailers, needs to be explored. The objective of this study was to evaluate the optimum
guantity and optimal cost required by customers for the supply chain to maximize profit. A quantity-
based mathematical model with renewal theory was applied to obtain the optimal profit in the supply
chain system. The results showed that with simultaneous variations in the costs of the supply chain
and the retailer’s and supplier’s replenishment quantities, the total cost of the supply chain increased
optimally with an increase in the optimal replenishment quantity of the retailer and a constant
replenishment quantity of the supplier. Also, demand increases linearly as the value of the arrival rate
and mean demand increase at the retailer point, resulting in increased profitability in the supply chain
when the retailer orders more quantities from the supplier. A series of simulation tests showed that the
model's functions are reasonably good. Therefore, enhancing levels of collaboration and
communication on supply chain and inventory replenishment strategies between stakeholders in the
supply chain who coordinate the flow of materials within a company and to consumers should be
emphasized.

Key words: Delivery, inventory, replenishment, shipment consolidation, supply chain.

INTRODUCTION

Supply Chain Management (SCM) is a network of such as material procurement, transformation of the
facilities and distribution options that perform functions materials into intermediate and finished products, and
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then distribution of the finished product to consumers
(Kaur and Sharma, 2015). SCM centers on cost,
customer service, and inventory cost, as well as the flow
of activities in companies and organizations (Pettersson,
2013), with the main goal of minimizing supply chain
costs to meet fixed and given demands (Shapiro, 2001).
A supply chain strategy, therefore, describes how the
business structure manages supply chain operations and
evaluates the impact of its operations on the perceptions
of its stakeholders (Das et al., 2012). These stakeholders
include distributors, retailers, clients, and other actors
involved in coordinating the progress of materials within a
company and to the end consumer, between the supplier
and the consumer (Chase et al., 2001; JNU, 2013). The
business structures or organizations may be autonomous
or semi-autonomous and perform processes associated
with the flow and transformation of goods and services
from the initial stage of raw materials to the end stage of
users (Kaur and Sharma, 2015). SCM integrates distinct
functions like purchases, inventory management,
distribution, and production planning, as well as offers
opportunities for cost reduction across functions, better
planning for purchase and production, and improved use
of capital (Oluwaseyi et al., 2017 and Ugoani and Ugoani,
2017). Inventory management in SCM is crucial for
controlling stock at the data level where the business is
organized, such as maintaining the correct level of stock
and recording its movement (Oluwaseyi et al., 2017).
Inventories are essential in developing and managing
activities of raw materials, semi-finished materials, and
finished goods (Kotler, 2002), and ensuring that
production, market, and distribution systems are intact
(Oluwaseyi et al., 2017), so that supplies are available,
costs are low, and profits are maximized (Rothschild,
2006).

SCM ensures that the right product or service is
distributed in the right quantities, to the proper locations,
and at the appropriate time, in order to minimize system-
wide costs while satisfying customer service level
requirements (Kaur and Sharma, 2015). Supply chain
practices and inventory management ensure that
products are delivered to customers faster, with greater
accuracy, safety, and promptness (O’'Byrne, 2016), and
with higher profitability (Adyang, 2012; Simon, 2012).
Additionally, increased service quality, customer
satisfaction, and service performance due to improved
quality of operations in retail workshop processes have
been described in supply chain practices and
management (Muthoni, 2010). Zohreh and Amir (2018)
reported that managing supply chain orders for
profitability involves long-term order earnings, increased
customer loyalty, long-term cooperation with companies,
and minimizing total costs through forward flows to
reduce fixed and variable costs and increase customer
responsiveness. However, companies should keep their
inventory value at the lowest possible cost rates to
maximize profit, such as by operating supplier and

customer-managed inventories and consignment
inventory processing, with suppliers storing the goods at
the customer location (Judit et al., 2017). In this context,
the objective of the study was to determine the level of
profitability in the supply chain when company
management employs high service level drivers
conversant with road networks and applies quantity-
based shipment consolidation for delivering finished
products to retailers in a specific area. This has a
significant effect on the optimum order quantities and
optimal cost required for the supply chain to maximize
profit.

MATERIALS AND METHODS

A model for inventory replenishment and delivery planning in a
supply chain consisting of a supplier and retailer, with the supplier
authorized to manage the inventory level of the retailer, previously
described by Teimoury et al. (2008) and Kang and Kim (2010) with
slight modifications, was considered. Briefly, a quantity-based policy
with renewal theory was used to obtain the long-run average cost in
a coordinated supply chain system and determine the order-up-to
levels of the retailers from the supplier. We considered
replenishments to represent the events where the retailer received
products from the supplier, and deliveries represented the events
where the retailer delivered the products to the consumers.
Additionally, we considered that the batch size was not the same
but equaled the ordered quantity to be delivered and might vary due
to stochastic demand from customers (that is, the end consumers).
Demands from the supplier to the retailer and from the retailer to
consumers followed a compound Poisson distribution. The
replenishment (delivery) cycle denoted the time interval between
two consecutive replenishments (deliveries). Also, the replenishment
and delivery costs of the supplier and retailers were composed of a
fixed cost, which was incurred when there was a positive
replenishment quantity, and a linear variable cost, which was
proportional to the quantity. This variable cost included the cost of
loading products onto vehicles at the company, transporting them to
the supplier, and unloading them from the vehicles at the retailer.
Figure 1 shows the inventory levels at the supplier and the retailers.
The reorder points of the supplier and the retailers can be easily
determined to be zero.

Mathematical model

A mathematical model was developed for the quantity in a
coordinated supply chain system in which retailers initiate the
ordered quantity from the supplier, who is replenished using small
vehicles. To maintain mathematical tractability, previously described
simplified frameworks (Teimoury et al., 2008; Kang and Kim, 2010;
Jac-Hun, 2010) were considered. Let @ represent the size of a

replenishment quantity and * denote the number of dispatches in a

cycle.
The model considers the replenishment quantity of the supplier
(S'Q ) and the delivery quantity of the retailers (RQ ).

Definition of notations

T;: Inter-arrival time between the arrivals of the {n — 1}*Fand the

n'™ retailers, A;: Arrival time of the n‘® retailer (4, = ZF_, T;), 4:
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Figure 1. Inventory levels of the supplier and retailer.

1
Arrival rates of the customers, 2 : The mean of the inter-arrival time

of customers, N(£): Number of orders that have arrived by time t,
(N(t) = maxin/A = t.}); it is assumed that this follows the

Poisson distribution with mean
th

At, d,: Demand quantity (or

weight) of the n™ retailer, 4: Mean of demand quantities, =2:

Variance of the demand quantities, Iy : Cumulative demand
quantity of the first n retailers (B, = £, d;), Na(x): Minimum
number of retailers, whose cumulative demand quantity exceeds,
that is, N.(x) = minin/D, = =}, L/ (x): Minimum number of
retailers whose cumulative demand quantity exceeds x in the ;‘m
deliver cycle, .S'Q: The order-up-to level of the supplier,

RQ: The order-up-to level of the retailer, hs: The inventory holding

cost per unit per unit time at the supplier, z: The inventory holding
cost per unit per unit time at the retailer, I (£}: Inventory level of the
supplier at time t, {5z (£): Inventory level of the retailer at time t, Cg:
The cost replenishing one unit at supplier , Az:The fixed cost of
replenishing the inventory at the retailer from the supplier, £zt The
cost of delivering one unit from the supplier to the retailer; Ag: The
fixed cost of delivering of a shipment from the supplier to the
retailer; K: Number of delivery cycles within replenishment cycles
(a random variable), F{x7): Distribution of Dy, sy, the sum of
demand quantities of the customers that arrive during a delivery
cycle, that is, Flx) =P Dyysey = x}, F®(): kfold

convolution of F(x7, E{SQ,RQ}: The expected long-run average

cost incurred when the order-up-to-levels of the supplier and the
retailer are .S'Q and RQ respectively.

Assumptions of the model

To enable us achieve the quantity-based dispatching model for the
coordinated supply chain, the followings are the assumptions of the
model.

(a) The inventory level is under continuous review

(b) The load is dispatched whenever the size of demands is
accumulated

(c) The mean and variance of the quantities is known to each
supplier

(d) Inter-arrival times of the ordered quantities are mutually
independent.

(e) Shortages are not allowed.

(f) Lead times for inventory replenishments are fixed and negligibly
short.

(g) There are an integer number of delivery cycles in each
replenishment cycle.

(h) The distances between the supplier and retailers are not very
large.

Since we assumed that dispatching decisions were made on a
recurrent basis, we made use of the renewal theory (Cetinkaya and
Lee, 2000; Cetinkaya, 2004 Teimoury et al., 2008; Kang and Kim,
2010) to obtain an optimal solution for our problem.

Here letT; (i = 1. 2., K) be the instants that the demands
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had accumulated to a level of .S'Q and RQ and a dispatch took place.

At a time instantTy, inventory replenishment takes place and the
replenishment arrives promptly (as we assume zero lead time).
The objective here is to obtain the optimal values of .S'Q and RQ

so that the average long-run cost of the system is minimized. The
average long-run cost of the system is given by using the renewal
reward theorem.

E[Replenishment cycle cost]

TC{SQ’ RQ} = ElReplenishment cyele lengthl 1)

The cost of a replenishment/delivery cycle consists of the following
parameters or variables; expected delivery cycle length; expected
delivery quantity to the retailer in a delivery cycle; expected number
of delivery cycles within a replenishment cycle; expected
replenishment cycle length; expected replenishment quantity to the
supplier in the replenishment cycle; expected inventory holding cost
at the retailer in a delivery cycle; and expected inventory holding
cost at the supplier in a replenishment cycle as components in the
objective function (the expected long-run average cost).

Note that the inter-arrival times of demands {Ty:n = 1} are
exponentially distributed with parameter, 4. dy.n = 1,2, 3, are
random variables representing the demand quantity of the nth
customer, and dy’'s are assumed to be identically and

independently distributed and are independent of Ny (£} as well.

The expectation delivery cycle length

When the inventory at the retailer dropped below a certain point,
the retailer replenishes the items to bring the inventory back at a
level Rq. This implies that the inventory level of the retailer was a

generative process. Since the number of customers that arrived at
the retailer for a delivery cycle is N;(R], from Wald's equation

(Ross, 1996; Kang and Kim, 2010), the expected delivery cycle
length is given by E[T}]E[N: {HQ:]]. But EIT;] = T on the inter-

o

arrival time of the customer, then the value of F[N:{qu] can be

R NalBpl-1
estimated as —2— + 1 since limg__, ﬂ— = as given

Eldy] ? Ag Eldy]
previously (Ross, 1996; Kang and Kim, 2010). Thus, the expected
delivery cycle length was

ElDelivery cyele length] = E [Ay,apy| = E [E209' T = EIRIE[N, (R,)]

= [ J_ ri+[n'.
= [T, {E +1) @

Expected delivery quantity to the retailer in a delivery cycle

The number of customers arriving at the retailer during a delivery
cycle is Nz (Rg ). The delivery quantity to the retailer is Dy, (Rg)

Now, E [DN:(EEQ - RE‘] - i:[;ﬂjj

(Ross, 1996; Kang and Kim, 2010), the expected delivery quantity
in a delivery cycle is given as:

by the inspection paradox

E[De?ﬁ'li‘é'?"_‘}-‘ quaﬂt:’ty] = E[N: {RQ}] = RQ +E [DN:(EQ} — RQ]
Eld7] _ varld J+zld 12
25 ld,] Rq + 22 [dy] - I ®)

IpRp+pt+st

Expected number of delivery cycles within a replenishment
cycle

To calculate the expected long-run average cost we first obtained
the expected value and the variance of the number of delivery
cycles within a replenishment cycle. From Equation 2 we
considered that 13'3,,,:,-%,I follows the Poisson distribution with

parameter”,
IuR Q+.u: 2
In
that is,
_ :_uﬁg+_u:+§:
E [DNNEQJ] Ip

by allowing the value of DN:-;:Q; to be less than or equal to Rq.. We

know from the assumption that F = {SQ} is the distribution function

HRRp+ ™+
of the Poisson distribution with parameter & (—Qu—) since
F""':'{SQ} is the ¥ — fold convolution of the Poisson with
:_ERQ+_E: +°
Zu
Since k can be expressed as K = min {R:IJ’E iﬂJm 2 = SQ},

and the event {K = k} is equivalent to {EJ-;,_ Dijmg = SQ} and
PlE=Kl=P {E_;i!:lﬂb"[ﬁ,?j = SQ} = Flk-1) {SQ:]_ Therefore,
the distribution function of K is expressed as:

pRgEpls '||
i /]

i! (4)

P - s L
--|"PEO::“’ .m[ rt|

PRSI =1-F®(5))=1-5%

The equation represents the distribution function of the {.S'Q + 1},

o ) N 5E+1}
stage Erlang (Gamma) distribution with mean - _l: —— and
IpRp+pt +0°
) ap?(sg+1)
variance .

(2 u:s,?+u*+r
Therefore, we approximated the expected value and the variance
of the number of delivery cycles within a replenishment cycle as:

Flx] = 22l ©
InRp+p i+

and

Varlk] = ap(55+1) ©)

(2uRg+u® +57)

Expected replenishment cycle length

A replenishment cycle has k delivery cycles. The from Wald’s
equation (1996), the expected replenishment cycle length was
calculated by multiplying the expected delivery cycle length by the
expected number of delivery cycles within a replenishment cycle.



Thus,
E[T%, x] = EIKIELX]
where X, ,X;,.. were independent and identically distributed

random variables with finite expectations and K was a stopping time
for X;. X;. ... such that E[K] =< 2. The stopping time for X, . X5, ...
if the event {¥ =k} was independent of Xy 4. X g - kb = 1.

From Equations 2 and 4, the approximate expected replenishment
cycles was as follows:

E[Replenishment cycle length] = ElDelivery cycle length]. E[K]

_ 2lsg+tilRg+a) @)

Azphg+u?+a?]

Expected replenishment quantity to the supplier in a
replenishment cycle

There are K delivery cycles in the replenishment cycle; we
calculated the expected replenishment quantity in a replenishment
cycle by multiplying the expected delivery quantity in a delivery
cycle by the expected number of delivery cycles within a
replenishment cycle. From Equations 3 and 5, it can be given as:

E[Replenishment quantity] = E[K]E [Dnml?ﬁ] =35;+1 (8)

Expected inventory holding cost at the retailer in a delivery
cycle

The inventory level of the retailer in a delivery cycle was expressed
as:

Rg if0=t=F
Ry — D, if b =t =F
Ry - DE;(EQ]—L if F, 2Rt S = F, 2(Ag

The expected inventory holding cost at the retailer in a delivery
cycle was calculated as follows:

hgE [RQ T+ (HQ - DL)T2 + {RQ -D; }TE + ot (RQ - DN;(RQ}—L) Ty, (RQ]]

FlEE [RQ ZN"I:HL? T EN—-[:HL?I LD[T;:_‘_i]

haRQEITIE[N, (R,)] — haE [E [E:EESEQ}_]-D[THJ]

= haRoEITIE[N, (Ry)] - haE [E [E‘LERQ:"LDL-TL-H,JN:(RQ) = m+1]]
= bRy EITEIN, (Ry)] - heE [E[E, DT, /N(Ry) = m 4 1]]

= hgRoEITIE(N, (Ry)] - heE[TIE [E[ER, D/ Ny (Ry) = m 4 1]]
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We assumed that d; i = 1,---,N:{RQ} — 1, which follows an

exponential distribution and the cumulative demand quantities,
Dy,=, Dy, for m=N:{RQ}—1, are mutually independent
random variables following the uniform distribution with range
I[EI,RQ} from the relationship between the arrival times of the

Poisson arrival process and the uniform distribution (Ross, 1996;
Kang and Kim, 2010).
Thus,

E[D] as FE
and

E[S, DTy /N, (Rg) = m + 1] = mEID;T,,..] = mEIDIEIT,,,] = m272.

Therefore,
E[E[Er;lﬂmﬂxﬁz(ﬂql =mt 1] = [n 3] = | < ol (7)1

since E[N {HQ}]

the retailer in a dellvery cycle was estimated as:

, the expected inventory holding cost at

heRoE[TIE[N,(R,) —1] — kg i—* E[N,(R,) — 1]

= (B3 #1) =375
— I"'I-.:.rigll.rig+ .II_'I
2dp 9)

Expected inventory holding cost at the supplier in a
replenishment cycle

The inventory level of the supplier in a replenishment cycle was
expressed as:

5 I 08tF i
"0 7"(zg)

5t = S Z—LDJ 2 fzJ iFJ

if :-'__,-l.P \,sranzl F"Il|."'!l.?\:
3 .
JEt< B,

RfiD

. ' T ¢
Sy L-'|.=' \ if “Fi’LJ|'EQ‘:EES“J=1’LJ|'EQ‘}

The expected inventory holding cost at the supplier in a
replenishment cycle was given as:

h,E 'I-(SQ‘D;J'[RQ}]F"EE =+“'+(5Q

Q.I

204163 et

= hsE [SQ Ef:iFLJ'[RQ} = [FL-"(RQ} E_?=1D:_-"|:RQ:I}]

hsSoELK]E |F

ﬁ]—Fz,s.i’_'"[z- {F,,-'[ EJ iﬂv":-"t?}]

= hsS,E[K]E |F,

\]_ heE [E’?::{ NAERY

3;1193'[;.2;:}]

H
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= hSSQE[R]E [EVII'EQ‘!]_ hsE [E [Z'E‘;: {FN ERQIZ D;)'(;Q}} /K= k]]

= hySLEIKIE [FN:'_P \]— hsE [E [Fa (0| E [BR2 T2t Doy /K = k]]

= heS,EK]E [F“':fa.:;‘]_ hsE[Fy, -.]E[E[Ef_‘zl 1Du'(' } /K= k]]

[ag)
But
E [E[XE, 524D y(ag) /K = K1) = E [EISEEG = DDy sy /K = K]

= £|py, | ElEZizice—)/x = )
_ | x-x
—E M:I._ij_f[ ]
=E|D, i |r|:r[r:2+EER' [&

:I_EQ_I_ -

Hence, the expected inventory holding cost at the supplier in a
cycle was given as:

varlgl+£lx] *-£lx]
hsS,EIKIE B | 5E [Fuuiag) £ [0 [ﬁa}]f
_ F:E(SQH:I [5E+.u:l(4.u5,?+4;.l.ﬁ,;:.+:.u: +27%-py)
B adp(zurg+ut+o?) (10)

Hence, the total average long-run cost was obtained by adding
Equations 3, 5, 8, 9, and 10 divided by the expected Replenishment
Cycle Length (Equation 7). That is, substituting the total sum of
Equations 3, 5, 7, 8, 9, and 10 in replenishment cycle cost in
Equation 1 to give:

_ dphy | Dhp-hgpter(of-pd)(Cesly)  Mot-ptlAy  hg(Sped)
TC(SQ’RQ} |S+11+ 2R+ 25q+1) (R +4)
h 5I
HE G )

(11)

Since all demands at the planned period will be eventually satisfied
through the replenishment and delivery processes, the cost terms

related to the unit replenishment cost (Cg) and the unit delivery cost

(Cp) were not affected by the decision variables (that is, the order-

up- to-levels). This implies that the same quantity should be
replenished and delivered regardless of the order-up-to levels. Our
objective here was to minimize the average long-run cost and the
minimization problem was given by:

ming r TC(5q. Rg)
Subject to 55.Rg = 0

We then gave a cost analysis of the quantity-based model. The
optimal values of .S'Q' and RQ' was obtained in analytical form. We

obtained the optimal solution for the best lower bound of the
average long-run cost. Thus, when we consider the optimal solution
for the average long-run cost TC{.S'Q',RQ':] in Equations 3 to 5

and from Equation 11, we have:

9C(Sq.Rg)  —MuAg Mo? —uP)Ag kg

05 (Sg+1) 2(Sg+1)(Rg+n) 2 w2
and
0C(Sp.Rg) 2y = hgyt +1(0 ~ 1) (Cy + Cp) _ Mo -0 (s +hy)Rg

hy g 1) Beret) g

It was noted that the cost function TL{ 5y, By} was strictly convex
for any positive .S'Q and Rq.. Thus the unique global minimum for
any positive 5 g and RQ can be obtained by solving:

aC(Sq.Rg) _
Sq

—AuAp

_ e s
(S +1)"

2(Sq+1)" (Rg+)

and

)\(GZ—HZ)AR (hS+hR)RQ

A Sohe) _ _ pAp-hpp+A(o2—4?)(Cr+Cp) _
2sgt)Ret) 2

0Rg 2R )’

That is, for

9C(Sq.Rg) -0
dSs !

we got

l,uAR

_ _ M(a%-u?)Ap hs
(Sq+1)°

2(Sg +1)2(RQ +u)

AMo?-u?)Ag
2(Sq+1)" (Rg+n)

2 AR (RQ +u)+l(a —uZ)AR
Zhg(RQ +,u)

(So + 1)" =

_ ZluARRQ-I-AAR(O'Z-F,HZ)
2hs(Ro+u)

-1

2/1,uARRQ +A4g (62 +u?)
SQ =

2hs(Ro+u) w0

For value of Rq,

aC(Sq.Rg)

dRg =0

=0
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0= ZAUAD—hRu2+}\(0'2—u2)(CR+CD) }\(GZ—UZ)AR (hs+hR)RQ
- 2 - 2
2(Rq+n) 2(Sq+1)(Rq+n) 2
0= 2}\|J.AD—hRu2+}\(0'2—p.2)(CR+CD)(SQ+1)—}\(0'2—}J.2)AR+(hs+hR)(SQ+1)(Rq+u)2RQ

2(Ss+1)(Sp+u)?

2 {2aAp—hrp?+A(c2—p?)(Cr+Cp)}(Sq+1)+A(c2—p?)AR
(RQ + U) - (hs+hg)(Sq+1)

\/{ZAuAD—hR #2+ A (02-p2)(Cr+Cp)}(Sq+1)+A (02— 2)Ag
RQ = —
(hS +hR)(SQ +1) (15)

The optimal pair was then given by

(R g *) _ {20 Ap —hpu2+A (02 —p2)(CR+Cp)}(Sq+1)+A (02 —p2)Ag _ ZAuARRQ+).AR(02+u2)_ 1
Q20 )= (hs+hp)(Sq+1) ’ 2hs(Ro-+u) (16)

Note, the demand compound Poisson and the demand quantities followed an exponential distribution. Thus, the approximated cost function
was derived from Equation 11 by letting u* = a*. Therefore,

AR 2\ Ap —hgp?+A(p?—p2)(Cr+Cp) A(n?—p?)Ag hs(Sq+1)
TC(SQ’RQ) T (Sq+1) 2(Rq+n) 2(Sq+1)(Rg+1) 2
2_,42_
(h5+hR;(RQ+”)+hS(” - 54) 4 A 1 (Cg + Cp)
A 20\Ap —hpp?  hg(So +1 hg + hg)(Rg + 3h
TC(RQ,SQ)= HAR HAp RH s( Q )+( S R)( Q H)__s

(Sq+1) 2(Rq + 1) 2 2 2
+Au(Cr + Cp)

AnAR AuAp hRuZ hs(SQ+1) + hS(Rq+/J) + hR(RQ+/1) _ ﬁ

TC(RQ'SQ) = (Sq+1) + (Ro+1n)  2(Rq+4) 2 2 2 >
A 1 (Cg +Cp)
_ AnAR ApAp SQ+RQ+},[ _ h_R _ p,z
TC(RoSo) = Gory + oay + s P - 1)+ {RQ th Rq+u} + AlGr + Co) (17)
The optimal pair was then given by
aC(Sq.Rg) _ 0 AuAg | hs _
——==0,weget — —=0
aSq g (So+1) 3
ﬂ.ﬂAR hS 2 ZAIJAR
— == (S 1) =——
(sg+1)" 2 (Se+1) =5

* 2AuA
So' = Tt
(18)



8 Afr. J. Math. Comput. Sci. Res.

For value of Rq.,

aC(So.R 2AuAp—hgp? . (hg+h
0= (So.Ro) _ _ 2MAp RE +(s R):O
R 2Ror) 2
2MtAp —hg 2 (hs+hR) 24 ftAp—hg 2
= (Rpo +
2(Ro+u)" ( Q M) (hs+hg)

x ZAUAD_hRUZ_
Ro _\/ hs+hp)  H

19
* * 2A Ap—hg pu? 21 AR
(Ro"So") = —H -1
(hs+hg) hs
(20)
The corresponding optimal costs was,
(\/m 1+ 20 Ap—hpp? ut \|
AAR AnAp hs (hs+hR) .
TC(Rg,Sq) = —= + hg —1p+
MAR 2
( 1+1) 2Mu Ap—hpp?
T s A L J
—R! Zuho Oy L + Au(Cg + Cp)
2 (hs+hg)
| 2MAp —hpp? —#+u|
k (hg+hR) )
(\/m 1+ 20 Ap—hpp? \| |{
TC(R S ) _ }\“AR }\HAD + h 4 (hS+hR) — 1 & + h_R% ZA“AD_hRHZ —
Q°Q) — (\/22:.4}3) 2 Ap hRu S 2 (hs+hR)
s T (hsthr) [ J [
h
/ )
2Au Ap—hpu? 2AuAp —hgu?
(hg+hR) J
\/M 2MAp—hpu? 3
(hs+hg) hr /zquD—hRuZ w2y2AnAp —hgpZ(hs +hy)
+ 7{ (hs+hp) 2AuAp —hg 2 + M(Cr + Cp)
l | (21)

This was lower bound of {HQ %, SQ'} for any positive values of RQ and .S'q” that is,



_ 2
TC(Ry",So") = L2ATSs | 3, LA 11D +he)

2 ZAMAD—hRuz
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( -
2Ap AR | [2ApAp—hgpp 3
N hs | (hsgthg)
+ hg

2

l J

hp ’ZKMAD—hRHZ _ w?y22uAp —hgp?(hs+hg)
+ 2 { (hs+hg) 2AAp —hgp? + MCr + Cp)

for any Rq,.S'Q =0

RESULTS AND DISCUSSION

From the models developed, the optimal values of 5, and
Ry that minimized the expected long-run average cost
obtained as follows:

(a) If 2Aud; < hs and 24ud; < ulhs + 2hg),5,° =0 and
RQ' = 0.

It was realized that the cost for replenishing and
delivering products was less than the cost of holding
inventories. This implies both the supplier and the retailer
used a policy which satisfied the requirement from
downstream members of the supply chain without
carrying inventory but with immediate replenishments
from upstream members.

b) If 2iuds < hs; and 2ipd, = ulhy + 2h5),5," =0 and
R.*= |:}ll-|ﬂn—hnl-|: _
e - '\.I ::h5+h|:l:|

The supplier did not hold inventory since the cost of
holding inventories at the supplier was greater than the
cost of replenishing products from the outside supplier. In
this case, there was a single delivery cycle within a
replenishment cycle.

c) If  2ipwdg =h; and  2ipd, = ulhs + 2hg),
Y S |% 1 .
¢ = Th and R," = 0.

The retailer does not hold inventory since the cost of
holding inventories at the retailer was greater than the
cost of delivering products from the supplier to the
retailer, when needed. In this case, there may be multiple
delivery cycles within a replenishment cycle, that is,
replenishment occurs when the cumulative demands
exceeds the order-up-to level of the supplier while
delivery occurs when there is demand at retailer.

(22)

" L F]

. _ [Hua . _ [TuAghg?

5= == F-1and R = [oE
A Rz 4  [(hs+hgl

Both members hold inventories, since the cost of holding
inventories was less that the cost of replenishment or
delivery. If the order-up-to level of the supplier was
smaller than that of the retailer, then there was a single
delivery cycle within a replenishment cycle. Otherwise,
they could be multiple delivery cycles within a
replenishment cycle.

For serial simulation testing of the models to illustrate
the behavior of the parameters, we varied one parameter
at a time while keeping the others at based values. The
results showed that from the computed values of the
retailer and supplier optimal replenishment quantity and
minimum total cost of the supply chain, the optimality
replenishment quantity of retailer, supplier and minimum
total cost of the supply chain increased with increase in
the parameters. The values of B;". 0, and TC(R,".5,")

were rounded to the nearest two decimal places.
Analyses of the variation of relevant costs of the supply
chain with respect to simultaneous variations of retailer’s
and supplier’s replenishment quantities are presented in
Table 1.

The models showed that with varying individual
inventory parameters such as fixed replenishment cost
(Ag) increasing from 200 to 400 Frs, fixed delivery cost

(4p) from 10 to 40, inventory cost per unit of the retailer
(hg) from 1 to 6, inventory cost per unit at the supplier

(hg) from 1 to 5, arrival rate (A) from 1 to 6 and mean of

the demand size (u) from 1to 6, the retailer's and
supplier's optimal replenishment quantity and minimum
relevant total cost of the supply chain were observed to
increased due to the carrying cost. At fixed replenishment

cost (Az) of 200Frs, fixed delivery cost (Ap) of 10,
replenishment cost per unit (Cz), and delivery cost per
unit (Cp)tobe land A = p= hz = h; =1, the value

of the minimum relevant cost of the supply chain was
1257.53 Frs which agrees with minimum total cost of the
supply chain previously described by Shao-Fu et al.
(2006). The least total cost of supply chain (1257.53 Frs)
was obtained at fixed replenishment  cost
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Table 1. Variation of the optimality of replenishment quantity of the retailer and supplier and total relevant cost.

No Ag Ap hy  hy A u Ry’ 5o’ TC(Ry".557)
1 200 10 1 1 1 1 208 19.00 1257.53
2 200 20 1 1 1 1 3.42 19.00 1790.99
3 200 30 1 1 1 1 443 19.00 2197.20
4 200 40 1 1 1 1 5.28 19.00 2538.60
5 200 10 1 2 1 3 112 23.50 7470.92
6 200 20 1 2 1 4 2.93 27.28 16684.87
7 200 30 1 2 1 5 457 30.62 28787.06
8 200 40 1 2 1 6 6.17 33.64 43866.62
9 200 10 2 1 3 2 4.11 47.99 22056.83
10 200 20 2 2 3 4 658 47.99 101686.70
11 200 30 2 2 3 5 9.58 53.77 175025.50
12 200 40 2 1 3 6 1535 8385 230729.80
13 200 10 3 1 1 3 4.30 68.28 70130.64
14 200 20 3 2 4 5  7.04 62.25 240925.20
15 400 30 3 3 6 4 11.23 79.00 877486.60
16 400 40 3 4 4 2 7.47 39.00 212234.60
17 400 10 4 3 5 4 2.93 72.03 388129.60
18 400 20 3 2 3 6  5.06 83.85 398420.40
19 400 30 6 3 4 2 5.12 45.189 204968.20
20 400 40 4 5 6 5 1099 6828 172659.00

(Ag) = 200 Frs, fixed delivery cost (Ay) = 10, unit
inventory holding cost for the retailer (hg) = 1, arrival
rate (A) =1, mean demand size (1) = 5, optimal
replenishment quantity of retailer [RE) = 2.08 and

optimal replenishment guantity of supplier
[55)= 19.00. The Ilowest retailer replenishment

guantity (RQ* =1.12) was at Ay =200Frs,
A, =10, hg =1, h: =2,A=1and u = 1, and lowest
supplier replenishment quantity (SQ* = 19.00) at
Agp = 200Frs, A =10t040; hg =1, h;=1,A=1
and u = 1 while the minimum cost of the supply chain
(TC(R,*,S4") = 1257.53) was at Az = 200Frs,
Ap =10, hg=1 hs=1 A=1and u = 1. The
highest retailer replenishment quantity (R@*‘ = 15.35)
was at Az = 200Frs, Ap =40, hg =2, hg =1, A=

3 and u = 6, and highest supplier replenishment quantity
(5o =83.85 at Agp =200Frs and 400 Frs,

Ap =20and40;, hy=2and 3 h;=1and 2, A =

3 and u = 6 while the highest cost of the supply chain
(TC(Ry",Sy") = 1257.53) was at Az = 400Frs,

Ap =40, hy =4 h; =5 \A=6andu=5.

In agreement with the report of Shao-Fu et al., (2006),
the present study showed that a general increase in the
optimal order quantity of the retailer and supplier and
maximum profitable cost of supply chain can be obtained
when there is an increase in arrival rate (A), mean

demand size (u), fixed replenishment cost (45) and fixed
delivery cost (4p).

Conclusion

A supply chain consisting of a single supplier and a single
retailer was considered, in which the supplier ordered
qguantity from the manufacturer and released part to the
retailer on an order. An integrated inventory
replenishment and shipment delivery planning model was
proposed for a case of compound Poisson demands with
distribution-free  demand quantity using the renewal
theory. After developing several properties for obtaining a
closed-form expression for approximated long-run
average cost, the order-up-to level of each member of the
supply chain that minimizes the long-run average cost
was determined. The result showed that the total relevant
cost of the supply chain increased optimally with an
increase in the optimal replenishment quantity of the
retailer and a constant replenishment quantity of the
supplier. Also, keeping the replenishment cost, unit
inventory cost of the retailer, arrival rate, and constant
mean demand size while increasing the unit inventory



cost of the supplier and varying the fixed delivery cost,
the total relevant cost of the supply chain and the optimal
order quantity value of the retailer increased while the
optimal order quantity of the supplier was constant. Also,
there was variation of total relevant cost of the supply
chain with respect to the simultaneous variation of
retailer's and supplier’s replenishment quantity. A general
increase in the optimal order quantity of the retailer and
supplier, and the total relevant cost of the supply chain
was obtained with increase in the arrival rate (A\) and
mean demand size (u), and also when there was
increase in the fixed replenishment cost (4g), fixed

delivery cost (4p), retailer inventory holding cost and

supplier inventory holding cost.

The variation in optimal replenishment quantities and
total relevant costs of the supplier, retailer, and supply
chain was linear with respect to the arrival rate and mean
demand size, respectively. As the demand increased
linearly at the retailer's point with an increase in arrival
rate and mean demand size, there were higher retailer
guantities ordered of items and consequently an increase
in the total relevant cost of the supply chain. The study
highlights managerial benefits for companies from supply
chain strategies related to reduced stock-outs and
overstock situations for improved operational efficiency
and optimization of inventory replenishment in the supply
chain between suppliers and retailers.

Savings at various cost levels leading to optimal
profitability following improved supply chain management
would be achieved through minimizing irrelevant
inventory activities and reducing transportation costs. A
series of simulation tests show that the models
developed in the study functions are reasonably good.
Enhancing the levels of collaborations and communication
on supply chain and inventory replenishment strategies
between stakeholders in the supplier chain who
coordinate the flow of materials within a company and to
the consumer including suppliers, distributors, and
retailers should be emphasized.
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