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A suggested algorithm to solve fully rough integer linear programming (FRILP) problems is introduced
in this paper in order to find rough value optimal solutions and decision rough integer variables, where
all parameters and decision variables in the constraints and the objective function are rough intervals
(RIs). In real-life situations, the parameters of linear programming problem model may not be defined
precisely, because of globalization of the market, uncontrollable factors, etc., hence for that the FRILP
problem solving methodology is presented using the slice-sum method with the branch and bound
technique, where we will construct two integers linear programming (ILP) problems with interval
coefficients and variables. One of these problems is an ILP problem, where all of its coefficients are
upper approximations interval (UAI) of rough intervals and represents rather satisfactory solutions, the
other is an ILP problem where all of its coefficients are lower approximations interval (LAI) of rough
intervals and represents complete solutions. Thereafter, the two ILP problems are sliced into four crisp
problems. Integer programming is used because many linear programming (LP) problems require that
the decision variables should be integers. In addition, rough intervals are very important to tackle the
uncertainty and imprecise data in decision making problems. Furthermore, the proposed algorithm
enables us to search for the optimal solution in the largest range of possible solutions. A flowchart is
also provided to illustrate the problem-solving steps. Finally, some examples are given to demonstrate
the results.

Key words: Integer linear programming, rough set theory, full rough interval coefficients and variables, upper
approximation, lower approximation, optimal solution, crisp coefficients.

INTRODUCTION

Linear programming (LP) is one of the most popular
models used in decision making and optimization
problems. Lots of research, studies and applications of
LP models have been reported in numerous books,
monographs, articles and chapters in books like
Chinneck and Ramadan (2000). Taha (1997) introduced
Integer programming (IP) problems as optimization
problems that minimize or maximize the objective
function, taking into consideration the limits of constraints

and integer variables. More widely, the applications of
integer programming can be used to appropriately
describe the decision problems concerning the effective
use of resources in engineering technology, business
management and other numerous fields. According to
Pawlak and Skowron (2007), for a vague concept rough
(R), a lower approximation is contained for all objects
which surely belong to the concept R and an upper
approximation is contained for all objects which possibly
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belong to the concept R. In other words, the lower
approximation of the concept is the union of all the
elementary concepts which are included in it, whereas
the upper approximation is the union of all the elementary
concepts that have non-empty intersection with the
concept. The concept of rough variable, which is a
measurable function from rough space to the set of real
numbers, was proposed by Liu (2012). Garg (2015) also
presented an alternative approach for solving the multi-
objective reliability optimization problem by utilizing the
uncertain, vague and imprecise data. Pandian et al.
(2016) believed that transportation problem has all or
some parameters as rough integer intervals. They also
proposed a new method named, a slice-sum method to
solve Rough Integer Interval Transportation Problem
(RITP), where transportation cost, supply and demand
are rough integer intervals. Rani et al. (2016) presented
an algorithm for solving multi-objective optimization
problem under the optimistic and pessimistic viewpoint.
Garg and Arora (2018) developed a methodology for
solving the decision-making problems under the
environment in which the ratings of all alternatives on
attributes and preference information on attributes are
incomplete and expressed with the sets. Pandian et al.
(2018) introduced a new method namely; level-bound
method that was proposed to solve fuzzy interval integers
transportation problems. Jamkhaneh and Garg (2018)
presented generalized intuitionistic fuzzy sets and their
corresponding operations, and some new arithmetic and
geometric mean operations are defined to aggregate the
different preferences of the decision makers during the
process. Garg (2018) presented an alternative method,
under the fuzzy environment, for computing the various
arithmetic operations of a system, using the sigmoidal
number and used a-cut approach for finding the
membership function of the system. More widely applied
integer programming can be used to appropriately
describe the decision problems with the effective use of
resources in  engineering technology, business
management and other numerous fields (Shaocheng,
1994; Taha, 1997). Osman et al. (2016) introduced a
solution approach for rough interval multi-objective
transportation problem (RIMOTP). The concept of solving
conventional interval programming combined with fuzzy
programming is used to build the solution approach for
RIMOTP. (De 2017) deals with a triangular dense fuzzy
set having special property on Cauchy sequence. (De
and Mahata 2019a) deals with a classical economic order
guantity (EOQ) model under monsoon type fuzzy
demand rate. Also, De and Mahata (2019b) introduced a
comprehensive study of an economic order quantity
model under fuzzy monsoon demand and the solution
was obtained with the help of a nonlinear optimization
technique that requires maximum aspiration level of the
fuzzy membership of the objective function. In this paper,
the focus of our study is to develop a method for solving
integer linear programming problems with rough interval

coefficients to find rough value optimal solutions and
decision rough integer variables in order to reach
solutions, such as completely satisfactory solutions (sure
solutions) and rather satisfactory solutions (possible
solutions) by lower approximation interval and upper
approximations interval respectively. All parameters and
decision variables in the constraints and the objective
function are rough intervals (RIs). The linear programming
problems with integer restrictions on the decision
variables are called integer programming problems which
form a special class of the linear programming. This type
of problems is of particular importance in business and
industry where quite often the discrete nature of variables
is involved in many decision-making situations. For
example, in the manufacturing field, the problem is that
the frequently scheduled interims of batches, lots,
distribution and shipment must involve a discrete number
of trucks, aircrafts, or freight cars; hence, integer
programming problem has been applied to solve many
real-world problems. Nonetheless, this still fails to deal
with the imprecise and uncertain data. Many researchers
have succeeded in capturing imprecise information by
fuzzy linear programming problem (Bellman and Zadeh,
1970). For more clarification, the coefficients of integer
linear programming problems (some or all) in the
objective function and constraints are assumed to be
known and fixed during the model application period,
which in practice is not possible due to some
measurement errors or instability of the market
conditions... etc. In this study, these situations can be
modelled efficiently through rough intervals integer linear
programming. The motivation behind the study is to
enable the decision maker to make the right decision in
the field of proposed solutions, while dealing with the
uncertain and imprecise data. The elements of the paper
are organized as follows. First, some bases of the
preliminaries of RIs are presented, followed by suggestion
of a solution method for ILP with interval coefficients and
variable. Thereafter, a case study to illustrate the general
formulation of the problem under consideration and an
integer linear programming with fully rough intervals is
presented, which comprises the use of a slice-sum
method (Pandian et al., 2016) for solving FRILP problems
as well as numerical examples for demonstrating the
solution procedure of the proposed method and finally,
concluding remarks are outlined.

BASIC PRELIMINARIES

Here some definitions and properties of rough intervals
are given. An RI can be considered as a qualitative value
from uncertainty and vague concept defined on a variable
X in real numbers (R). In addition, the transformation of
the linear programming problem decision parameters and
decision variables into the upper and lower approximation
intervals is usually a hard work for many cases, and



conversion process needs the following definitions to be
known. Further details are found in Hamazehee et al.
(2014) and Rebolledo (2006):

Definition 1

"The qualitative value A is called a rough interval (RI)
when two closed intervals are assigned:

A,and A* on R to where A, € A* .Moreover,

1. If x € A, then A surely takes x (denoted by x € A).
2. If x € A* then A possibly takes x.
3. If x € A" then A possibly takes x.

where A, and A* are called the lower approximation
interval (LAI) and the upper approximation interval (UAI)
of A, respectively. Moreover, A is denoted by A4 = ( 4,,A").
Also, the intervals A, and A* are not the complement of
each other" (Hamazehee et al., 2014).

Note: We can symbolize A, =[alt,a''] and A* =
[atY,a"Y] where LL, UL, LU, and UU represent lower
lower, upper lower, lower upper, upper upper
respectively.

Example 1

If A is the concept of “Hot” as the qualitative value
defined on a temperature variable x in R, one may
consider:

A= (A, A) = [[25°45°]: [15°,65°]]

Then, by Definition 1, the temperature variable x surely
takes a value between 25 and 45°C. Similarly, x possibly
takes a value between 15 and 65°C. Note that, common
sense and general knowledge can help define A,and A*.
For instance:

— The temperature of the human body is about 37°C; any
warmer temperature would not be considered “Cold”.

— On average, a human hand cannot hold an object,
whose temperature is over 65°C, because it is “Hot”.

— If something is colder than the environment (let us say
15°C, it cannot be considered “Warm” anymore.

Definition 2

"The arithmetic operations on RIs are depending on
interval arithmetic, so we will state some of these
arithmetic operations as follows" (Rebolledo, 2006):
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Let AR = [[ alt, [al?, a"V]] and
BR = [[ b, bVL]: [bLY,bUY]] be two RIs if AR, BR = 0.
Then.

[Addition] AR +BR = [[a* + b, aV + bUH]: [at +
pLU qUU 4 bUU]].
[Subtraction] AR —BR = [[alt — bYL, U — bIL]: [alV

bUU, aUU _ bLU]].

[Negation:] —AR=[[—a"t, —alL]: [-a"Y, —a'Y]].

R GR [max{a“,bLL},min{aUL.bUL}].)
[Intersection:]A® N B® = ([max{a”’,bL”},min{aUU,b"U}] .
[min{a't, b**}, max{a’t, bV!}], ) "

Union: ARUBR:( .
[Union] [min{a™?, bV}, max{a'C, bVY}]

INTEGER LINEAR PROGRAMMING WITH INTERVAL
COEFFICIENTS

The more relevant method of solving integer linear
programming with interval coefficients (ILPIC) was first
proposed by Shaocheng in 1994. After that, Chinneck
and Ramadan completed Shaocheng (1994) studies in
2000. They transformed the original interval LP into two
LPs with crisp coefficients. Thereafter, linear
programming with rough interval coefficients (LPRIC) was
discussed by Hamzehee et al. (2014). Here, we will
consider all parameters and decision variables in the
constraints and the objective function to be rough
intervals (RIs). Also, the decision variables are
considered integers, and the problem is introduced as
follows:

Z= Max X} 1[ U]xj , JEJ
S.t Z 1[al_]’a ]x] = bLL: bU] ) i€l (1)
Xj 2 0 integers,I=1,..,m, | =

Where for alli, j: [¢f,¢], [al;, a;] and [bf, b{'] are closed

intervals on real numbersR and where lower (L), upper
(V) refer to the minimum and the maximum in the interval
respectively.

Now, from a previous study by Chinneck et al. (2000),
we can use some definitions and theorems for
maximization of problem (1) for the inequality constraints
as follows:

j= 1[al]'a_]] [bL bU]

The above inequality constraints have p interval
coefficients in the right and/or left-hand sides. Thereafter,
it can be transformed into 2P different extreme inequalities
by setting the interval coefficients at appropriate
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Table 1. Production data for an example 2.

Required production time in department (h/unit)

Product 1 2 3 Seasonal profit ($/unit)
A [3,5] [2,4] [1,2] [1,3]

B [2,4] [1,3] [3,5] [2,4]

Available time [550,700] [380,500] [200,300] -

combinations of the bounding values on the coefficient
ranges”, such as in inequality constraints where P =2,
22 = 4. Let Sk be the set of all solutions for the extreme
inequality. Then:

st = nii1 Sk

sV =y, S and

Definition 3

"For inequality constraints, if there exists one extreme
inequality that its solution set is the same as SY (S%), then
it is called the maximum value range (minimum value
range) inequality" (Hamazehee et al., 2014).

Theorem 3a

Consider inequality constraints, where x;=0V]=
1,2,..,n.Then, ¥7_, afjx; < by and X}_, afjx; < b/ be the
minimum value range and maximum value range
inequalities, respectively (Hamazehee et al., 2014).

Theorem 3b

Consider ILPIC problem (1) (Hamazehee et al., 2014).
Then, for any given feasible solution x € R", we have:

B¢ 2 T chy

for all x =20,

Definition 4

"For a given feasible solution x € R™ of ILPIC Problem
(1), the value ¥, ¢/x; (X)L, cfx;)) is called the most
suitable value (the least suitable value) of the objective
function" (Hamazehee et al., 2014).

From the above Theorems 1 and 2 and the Definitions
3 and 4, we can find the best and worst optimal solutions
of the ILPIC Problem (1). By transforming the original
ILPIC problem (1) into two classical ILP problems, we
can call them ILPY and ILP..

(1) The best optimal solution is found by solving:

ILPY = Max Z}l:lc"xj , JEJ
St ¥ jafx; <b’ , i€l 2
X 2 0 integers J=1,.,m,[=1,..,n

(2) The worst optimal solution is found by solving:
ILPL = Max Z}?:lc’“xj , jJEJ

St Xj_,afx;<b; , i€l (3)
X = 0 integers J=1,...,m ,I=1,..,n

Briefly, ILPYand ILP* used the greatest and the smallest
suitable value of the objective function and the maximum
(minimum) value range inequalities of problem (1).

Note that, there are 3 possible outcomes for ILPIC
problem (1) as follows:

- If ILPY and ILP* have optimal solutions, then ILPIC
problem (1) has a finite bounded optimal range.

- If ILPY is unbounded then ILPIC problem (1) is
unbounded.

- If ILPY is infeasible then ILPIC problem (1) is infeasible.

More clarification and proof can be found in Hamazehee
et al. (2014).

Example 2. A company produces two sorts of products,
A and B, and three departments 1, 2 and 3 are assigned
to produce them. Each product takes a time to be
produced by the three departments; the following Table 1
shows the details.

Thereafter, the model of this optimization problem can
be formulated as follows:

ILPIC = Max [1,3]x; +[2,4]x,
S.t [3,5]x; + [2,4]x, < [550,700]
[2,4]x; + [1,3]x, < [380,500]
[1,2]x; + [3,5]x, < [200,300]
and

X1,%, 20 integers

Here, the optimal range of ILPI for Example 2 can be
obtained by solving two classical ILPs as follows:

The best optimal solution



Table 2. The first plan.
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Required production time in department (h/unit) Seasonal profit

Product

1 2 3 ($/unit)
A [3,4] [2,4] [1,2] [2,3]
B [2,4] [3,4] [3,5] [2,3]
Available time [600,650] [400,450] [200,300] -

Table 3. The second plan.

Required production time in department (h/unit)

43

Product 1 3 Seasonal profit ($/unit)
A [2,4] [2,3] [1,3] [2,4]

B [2,3] [2,4] [3,4] [2,3]

Available time [550,700] [380,500] [230,260] -

ILPY:= Max 3x; + 4x,

S.t  3x;+2x, <700

2x, + x, <500

x; + 3x, <300

X1,%; = 0 and integers

The maximum value range Z = 757.147

%X, = 214.285,x, = 28.571 and
The worst optimal solution

ILPL:= max x; + 2x,
S.t 5x; +4x, <550
4x, + 3x, < 380
2x; + 5%, < 200
X1,X; =20 and integers
Minimum value range Z = 98.571
%1 = 92.857,x, = 2.857
We then apply the branch and bound to Example 2 to
find integer optimal solutions.
Z =[98,755],x; =[90,213],x, = [4,29]
INTEGER LINEAR PROGRAMMING WITH FULLY
ROUGH INTERVALS

In this part, we consider the linear programming problems
with rough interval coefficients and variables (ILPFRI).

Formulating linear programming model requires that
specific values be chosen for the model coefficients.
However, the values of many of these coefficients are
only approximately known. For instance, the Director of
the company wishes to know the range of optimal
solutions that could be returned by an ILP model with
uncertain coefficients. On the other hand, the manager
may put some plans or ask the opinions of some experts
to determine the uncertain coefficients. Now, we will give
a case study to clarifying the idea.

Case study

A company produces two sorts of products, A and B, and three
departments 1, 2 and 3 are required to produce them. Each product
takes a time to be produced by the three departments. Production
experts put three plans for production due to the uncertainty of
parameters. Each plan gives the approximate production time of
each product in the 3 departments and seasonal profit of each
product as shown in Tables 2, 3 and 4, e.g. the required production
time for product A in Department 1 due to the first plan is between 3
and 4 h per unit and its seasonal profit is between $2 and $3 per
unit with hours of production time available in the three
departments.

The production experts would like to allocate the production
capacity so that it not only finds the optimal product mixture but also
use the three plans together. In order to solve this problem, the
parameters should be determined. Since the parameters are given
by the three plans, one way to involve all plans is representing the
parameters by rough interval. In Table 5, the upper and lower
approximations of rough interval coefficients are computed based
on the union and intersection of the plans.

Now, in the case study, let x; and x, denote the respective
amounts of products 1 and 2 which should be produced. Then, the
model of this optimization problem can be formulated in Example 3
as follows:

_ LAI VAITY = [[2'3]: [1'4]] ®[[x1LL'X¥L]: [xf? ‘Xfm]]@
LPERI= (ULPL TP = Max {[[2‘311[2‘4’]]®[[X2LL’X§/L]1[XZLU:X§/U]] )
st {[[ 341:[25] ®[ [t of): [+, 11| @ [23]: [241] }

' Q[[x4, x§1: [x4Y , x§V1] < [[600,650]: [550,700]]
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Table 4. The third plan.

Required production time in department (h/unit)

Seasonal profit

Product 1 5 3 ($/unit)
A [3,5] [2,4] [1,2] [1,3]
B [2,4] [1,3] [3,5] [2,4]
Available time [550,700] [380,500] [200,300] -

Table 5. The coefficients of the problem.

Required production time in department (h/unit)

Seasonal profit

Product

1 2 3 ($/unit)
A ([3,4]: [2,5]) ([2,3]: [2,4]) (11,2]: [1,3]) ([2,3]: [1,4])
B ([2,3]: [2,4]) ([3.3]: [1,4]) ([3.4]: [3,5]) ([2,3]: [2,4])

Available time ([600,650]: [550,700])

([400,450]: [380,500])

([230,260]: [200,300]) )

{[[2, 24]®[ x1 LoxUL]: [ xbV UU]]@[[3,3]:[1,4]]}
®[[ x5t xJF1: [ x5V, xJV]] < [[400,450]: [380,500]]

{[[12] [1,3]] ®[[ xth, 2] [x1Y,

®[[ s, x3": [x5”, x§]] <

vUY)@[[3,41: [3.5]] }
[[230,260]. [200,300]]

LL LU UL ,.UU P —
{ xft xfY, 2t 2PV = 0 ,where =12 }
and rough integers intervals variables

Example 3 may involve other constraints and variables, in other
words, the constraints can be of the form <, 2 or =. Also, variables
can be sign-restricted (x < 0 or x = 0) or unrestricted in sign.

This study will be limited to the variables which are sign-restricted

as xt, xFU x Pt xPY = 0.

Problem formulation

The general formula of the integer linear programming problem with
fully rough interval for coefficients and variables (ILPFRI) may be
presented as:

[[ILPLAI [[LPUAI]] Max Z] 1[[CLL UL] LU UU]]® [[XILL, UL LU UU] ]
' ym yn 1[[aLL aUL at?,av] ] [[XLL UL]
Subject to { /= ][[bLJL o buu]
a6t 6Pl )V > 0 ,wherei €1, jE]
and rough integers interval variables
(14)
Where
[[C]LL, UL] [CLU, JUU]] , [[ att,a ] [a” , U ],
[[bLL bUL]: [BEY, buu]] [[ X! ,x ] [x ]]
I=1t,.... myf=1,.. .. ,n)

are rough interval coefficients and variables of the objective
function and the constraints. Also, let x € R™ denote the vector of all
decision variables.

Remark 1: According to rough interval properties introduced earlier,
we have

o~
&
o
)
QL

Ny
<
=

—

U'C]UU] N CLU < C]LL < C]UL < C]UU

LU,XJUU] N XJLU < xLL < xUL < xUU
laif,al’] - aif < alLJL < aij < alU]U,
[bLU bUU] bLU < bLL < bUL < bUU
lEI,]E][—l m; ] =1,

=
<
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Q
Q\.E
=
LA L

~
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—
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<
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Definition 5

In problem (4), we can define the following sets:

n

z_ alV}-”x}-LU <bVx = 0}
j=1

= 0}

1) SLU = {x € R"

UL LL < bLL

a” j

2) Stk = {x € R"

LL UL < bUL

3) sVt = {xER” i

iy X
— LU uu UU

4)5""—{x€7€" L < b 20}

Where

I=1,.... m; ] =1,....n:x; = 0 and integers).

Note: for the sets StV SLL SUL and SUU we have: SV c SHc
SUL ¢ §UU (Hamazehee et al., 2014).

Definition 6

Consider all of the corresponding ILPFRI problems and LP of
problem (4) (Atteya, 2016; Bazaraa, 2010).

a) The interval [ILPM, ILPYL)([ILPLY,ILPUY]) is called the surely
(possibly) optimal range symbolized [ILP4"] ([ILPU4']) of problem
(4), if the optimal range of each (ILPFRI) is a superset (subset) of
[ILPE, ILPYL)([ILPLY, ILPUYY).

b) Let [ILPM,ILPUL)([ILP!Y,ILPUY]) be surely (possibly) optimal
range of the problem (4). Then the rough interval



[[ILP™, ILPUL]: [ILPYY, ILPVV]]is called the rough optimal range of
problem (4); also any point, optimal value belongs to
[ILP, ILPYL), ([ILPY,ILPYY]) and is called a completely (rather)
satisfactory solution of the problem (4).

c) A solution x* is surely-feasible, iff it belongs to the lower
approximation of the feasible set.

d) A solution x* is possibly -feasible, iff it belongs to the upper
approximation of the feasible set.

e) A solution x* is surely-not feasible, iff it does not belong to the
upper approximation of the feasible set.

Solution procedures

In order to solve problem (4), we will construct two integers linear
programming (ILP) problems with interval coefficients and variables.
One of these problems is an ILP problem where all of its
coefficients are upper approximations interval (UAI) of rough
intervals and represents rather satisfactory solutions, while the
other is an ILP problem where all of its coefficients are lower
approximations interval (LAl) of rough intervals and represents
complete solutions. Then the two ILP problems are sliced into four
crisp problems through the following steps.

Step 1. Find the possibly optimal range solution ILPU4! =
[ILPYU,ILPYY] by solving the upper approximation interval of
problem (4).

[LPUAI
S.t
Y T alf, al’1®[xfY, xPV] < [bfY, b7V (5)
xV,x’Y >0 ,where] =1,..,m,
I =1,..,n and integer variables

Max Y7L 1[]LU,CUU]®[ X ]

Step 2: Find the surly optimal range  solution

ILPYAT = [ILP',ILPYY] by solving the lower approximation of
problem (4).
ILP*! = Max Y™, [cH, ¢/ ®[xF:, 1]
S.t
21 12 1[a1} , L]®[xLL UL] < [bLL,bjUL] (6)
x

g ,xUL>0 where] =1,..,m, J

I =1,..,n and integer variables
Step 3: According to Definition 6, the possibly optimal range

solution of ILPY4! problem (5) can be obtained by slicing it into two
classical ILPs as follows:

ILPYY: = Max

)

. I

St Z aLJU ]uu < pYY %)
j=1

UU> 0 and integers i€l , j€]

J=1,.om,l=1....n

and
ILP'V: = Max Z cUx?

n
St Zl 1a5” XtV < pv (8)

= 0 and mtegerszEI,]E]
J=1,.... =1, ... n
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By Definition 5, the feasible solution set of problems (7) and (8) is
equivalent to StY(SYY). Thus, the interval [ILP'Y,ILPUU]is the
optimal possible solution range of problem (5).

We can see that the interval [ILPLY,ILPUY] is equivalent to the
possibly optimal range of problem (4). Toward this end, since
problem (1) is an arbitrary corresponding LPIC problem of (4), we
have

e = et Trl. /] = ]
9] =[5 o ol 1 =[5, 527)
(e, aij] = [aif aijfor[al;, afj] = [aif’, o)’
[xf, 7] =[x, /" Jor[xf, 2] = [xf", /"]

I, j€] where J=1,.... ,m and [=1,.... ,n

Step 4: The surly optimal range solution of ILP*4! problem (6) can
be obtained by solving two classical LPs as:

n
ILPM:= Max Z chl okt
j=1

s.t Z; afjfxft < bt )
> 0 and integers i €1, j€]|
J=1,.... ,m, I=1,.... ,n
and
ILPY': = Max oy cUixt
S.t n 1alL}L ]UL < pUt 10

UL > 0 and integers i€l , j€]
J=1,.... m,I=1,.... ,n

By Definition 5, the feasible solution set of problems (9) and (10) is
equivalent to SL(SYL). Thus, the interval [ILP'L,ILPUL]is the
optimal  solution range of problem (6). Also, the
interval [ILPLYU,ILPUY] is the optimal possible solution range for
problem (5) and the interval [ILP'L, ILPYL] is the sure solution range
(6).

Where the rough value optimal solutions (Z*®) and decision
rough integer variables (xj*R) in problem (4) will be as:

[ AL Z*ULY, [ 7oLU Z*UU]]’

[, x

*LL *UL *LU *UU
j ’

Where the possibly optimal values range solutions for ILPY4! =
[ILPX,ILPVY].

Also, the surely optimal values range solutions for [LPM4! =
[ILP'L,ILPUL]. In addition, [xj“",x;'"] is the integer completely
satisfactory solutions, and [x;“?,x;V] is integer rather satisfactory
solutions.

Now, a relation has been established between optimal solutions
of the integer linear programming problem with fully rough interval
in problem (4) and four problems ILPYY,ILPY,ILP! and ILPYL,
problems (7), (8), (9) and (10) respectively. The established relation
is used in the proposed method, slice-sum method.

Theorem 4

e setyx; ,forallj € IS an optimal solution Tor the or
If th t {x/'V,forallj € J} i timal solution for the (ILPUY)
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(7) problem of the problem (ILPFRI) or (4) with the maximum
optimal value for (ZUV), the set {x"L forallj €/} is an optimal
solution for the (ILPUL) or (10) problem of the problem (ILPFRI) or
(4) with the maximum optimal value for (ZUY), the set
{x, for all j € J} is an optimal solution for the (ILP'*) or (9) problem
of the problem (ILPFRI) or (4) with the maximum optimal value for
(Z'), and the set {x}Y,forall j € J} is an optimal solution for the
(ILPYY) or (8) problem of the problem (ILPFRI) or (4) with the
maximum optimal value for (ZtY), then the set of rough integer
intervals  {( [x/*, x/"]:[x/V, x/V]), forall j€J} is an optimal
solution for the problem (4) with maximum optimal values
([ZLL,ZUL]: [ZLU,ZUU ]) provided ijU < x}“" < x}’L < ijU, forall j €
J (Pandian et al., 2016).

Now, since {x'Y forallj € J},{x! forallj €]}, {x"L, forall j €
J3{x/V forall j € j} are optimal solutions for the problems
ILPY, ILP*, ILPV* and ILP"Y respectively and x/V <x/* <x{' <
x/V, forall j € ], then we can conclude that the set of rough integer
intervals {( [x/*, x{'*|: [x/V, x/V]).forall j € J} is a feasible solution
to the problem (4).

Let  {([x™
solution to the problem 4).

Therefore, {x;/*V,forall j € J},{x;** forall j € J}, {x;"" forall j €
J} . {x;%%,forall j €]} are feasible solutions to the problems
ILPLY, ILPLL ILPYL and ILPYY respectively.

Since {x/V,forall j € J}, {x/",forall j €]}, {x/* forall j €
J3{x/Y, forall j €} are feasible solutions to the problems
ILPLY, ILPLL, ILPUt and ILPUY respectively. We have:

XU [x*Y, xU]), forall j€J} be a feasible

j=1 j=1
m m

ZLL — Z C-LL xj*LL > Z CLLXLL ;
j=1 j=1
m m

ZUL — CUL x*UL > CULJCUL and

] ] f) f)

j=1 j=1
m m

ZUU — CUU foU > CUUXUU

f) f) J

Jj=1 j=1

This implies that

([ZLL ZUL] [ZLU ZUU ])

=2 Aottt

N (CERILE

”"])®([ X; ,x ] [ijU,xUU]) and

UU]) ® ([ SLL *UL] [x]_*LU ’x;UU])

Z([ [ v])
®([xfax-“1:[x,-w.xj””D.

Therefore, the set of rough integer intervals
{([x* x*]: [}V, x/V]),forall j € J} is an optimal solution for the

problem (4) with maximum optimal values ([Z!%,ZUL]:[ZtV,ZVY ).
Hence, the theorem is proved (Pandian et al.,, 2016). Figure 1
shows flowchart of the solution steps, which was provided for more
clarification.

To solve the problem indicated in the case study, we should solve
two integer linear programming fully interval problems ILPFI =
[ILPX41, ILPU41] as follows:

ILPYAl = [ILP'Y,ILP"Y] = Max

[14] @ [x7, x/"1 @ [241@[ %7, x7"]
Subject to
(25]® [x", 2] @ [2:4]® [x5" , %3]
< [550,700]
[24]1 ®[x”,x{"] & [L4]®[x5",x3"]

< [380,500]

(131 xi", x"] & [3,51®[x3",x5"]

< [200,300]

xfY,x/V 20 ,where j = 1,2 and integers and
ILP*! = [ILP'",JLPY'] = Max
(23] ® [x*, x{*1® [23]® [x5"x)"]
Subject to

[3,41® [xi", x{"1® [2,3]1® [x3",x3"]
< [600,650]

[2,3]® [x1*, 27" @ [3,3] ® [ 13", x3"]
< [400,450]

[1.2]® [xih, x{* 1 @ [3,4] ®[ x5, x¥*]
< [230,260]

LL
x}- )

ijL >0 ,wherej =12 and integers

- In the ILPFI Problem, (ILPU4') is transformed to ILP problems
ILPYY and ILPYY where their feasible sets are SV and SUYY,
respectively.

- In the ILPFI Problem, (ILP'4") is transformed to ILP problems
ILP!Y and ILPYY, where their feasible sets are St andSUt
respectively.

ILPYV := max 4xPU + 4xJV
St 2xPU +2xYV <700
2xPY + 2V <500
U 4+ 3xYY <300
uu i —
X0 2 0, j=12

integer intervals and variables.

ILPY! := max 3xUL + 3xJt
St 3xft + 2xJt <650
2xVL + 3xYL < 450
UL 4+ 3x{t < 260
"t <« xt =0, j=12

integer intervals and variables.
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Figure 1. Flowchart of the proposed approach for solving fully rough integer

linear programming problems.

Table 6. Optimal values and solutions of ILP programs in the case study.

Problem ILP

Optimal values 66
xR 66
xR 0

ILPL ILPYL ILPYY
230 660 1040
115 210 240

0 10 20

ILPM™ := max 2xit + 2xit
St 4xtt + 3x5 < 600
3xi + 3xil < 400
2xM + 4xkt < 230
xft<xft xfh 20, j=12

integer intervals and variables.

ILPY := max xiU + 2xLV
St 5xiU + 4xtY+< 550
4xtV + 4xLY < 380
3xtY + 5xEV < 200
V< xftxfV 20, j=1.2

integer interals and variables.

We used "WinQSB" program (Olga et al., 2009) to find rough value
optimal solutions (Z*F) and decision rough integer variables (x;‘R)
and apply branch and bound algorithm (Gupta and Mohan, 2006) to
find integer optimal solutions for the case study as shown in Table

6. Optimal values and solutions of ILP programs in the case study
are presented in Table 6. Here the integer rough optimal solutions
is

xiR = [[115,210]: [66,240]]

xR = [[0,10]: [ 0,20]].

The rough optimal values range solutions for
[[ILPLAI]: [ILPUAI]] = [[230,660]: [66,1040]].

Where the possibly optimal values range solutions for ILPY4! =
[ILPXY,[LPUY] = [66,1040 ]

Also, the surely optimal values range solutions for ILPMA! =
[ILPL, ILPUL] = [ 230,660 ]. In addition,
[oc;EE, VL] = [115,210], [x355, x5UE] = [0,10] is integer completely
satisfactory solutions and [x;Y, x;UY] = [66,240], [x3tV, x3VV] =
[0,20] is integer rather satisfactory solutions.

We think that this is the way to the solution, where the director of



48 Afr. J. Math. Comput. Sci. Res.

the company has put all the possible solutions to avoid the
economic crises and market fluctuations (the uncertainty of
parameters).

Example 3

Consider the following ILPFRI problem as follows:
ILPFRI = [[ILPLA‘] [ILPUA']] = Max

([18,25]:[12,30]) ® xFe([12,18]: [4,20]) ®
xF@(1,1]:[1,1D) ® xf([2,3]: [1,6]) ® xf
@ ((13]:[1,5) @ xd((1,1]:[1,1]) ® «f

Subject to

([1,3]: [1L4]) ®x§® ([1,3]: [1,5])®xf ©
, ([2,31: [1,5D)® xEd([1,2]: [14])@xF |
< ([30,35]:[25,60]) )
{ [15]) ®xFd([1,2]:[1,3]) @ x§}
< ([8,16]:[5,30])
{( [1,5]) ®xFD([1,2]:[1,4]) ®x4}

I ([1,2]: [1,3]1®@xR® ([2,3]: [1,4])®x§$1

< ([8,10]: [5,15])
[1,2]: [1,3]) ®xS@([2,3]: [14]) ®x§
< ([5,15]:[4,20]) }
LxY Ut xPU > 0, where i = 123456}
and rough integer intervals variables

Where

R

270D,

xf = ([t 2 ] g, %30,

= (Lt ) [t

xf = ([x5h %] x5, 257D,
xf = ([xfhxf ] [xg”, x4YD),
xf = ([xgh %" ]: [x5”, x5"']), and
x§ = ([xghxg"): [xg” , x¢"])

In order to solve problem (Example 3), we will solve two ILPFI
problems as follows:

ILPYAl = Max

[12,30]®[x1", {16 [4,201®[ x3”, x3"]
@ [1:1] ®[X3 ,X3 U]®[1 6]®[in'xi]U]
O[1,51®[ x5”, x5V 10[1,1]1®[ x5, x"]

Subject to

[1.31®[x1", x/V1©[1,4]1®[x5", x3 ' 1©[1,4]
®[X§U,X§’”]€B[1.5]®[xzﬁ”,xg”]@[lﬁ] ®

[V, xZV1D[1,41Q[ x£V , x Y ] [25 60]
{[15 Q[ xtV , xPU1[1,3]®[ x5V, xY ]}
< [5,30]
{[1 S8 X3U.x3,””]€B[1,4])®[xf;”,x}{”]}
< [5,15]
{[1 B1®[ XV, x¥V1D[1,4]®[ xEV , x¢ ]}
< [4,20]

{xiw,x;’” >0 ,wherei=1,2345,6 }
and rough integer variables

and
ILPY = Max

[18,25]Q®[xiE, x VL 16D[12,18]®[x% ,xé’L]
B[11][x4" ,x3 Ne2,3]1®[xi" , x{ ]
®[1,31®[ xg", x 1D[1,1]1®[ x¢*, x¢"]

Subject to

[L2]®[xt" x{" 1©[2,3]®[x5* »xz Me[1,3]
{ ®[x3 rx3L]®[1 3]® [xs* ,x4 Mel23l®
[xEE, x Y5 12](8[356 ,xg"] < [30,35]
{ 2 3] ® [xl ,X1 ]69[1’2] ® [X%L ’xé]L]}
< [8,16]
{13]® x5 ,x3 ]9[1'2] [xgh xd ]}
< [8,10]

{12]® xgh, xgM@[2,31®[ xg", x¢ ]}

< [5,15]
{ xt=o0, wherel—123456}
and rough integer variables

According to Solution Procedures, the optimal range of ILPIC

Problems ILPY4" and ILP“4can be obtained by solving four

classical LPs as follows:

LPYY := Max

30xYY + 20x5Y + xJV + 6x7Y + 5xJV + xgY

Subject to

xPU 4+ x¥U + x¥Y + xPY + xIV + xPV < 60
U+ 9V <30

x¥V+ YV <15

xJU +xZY <20

x}-UU >0, j=1,2,345,6 integers

And

ILPYY := Max

125 + 4xtV + LV + xLU 4 5 LU 4 xLU

Subject to

3xfY + 4xtV + 4xfV + 5x5Y + 5xfV + 4xtV < 25

5xtU +3xLV <5
5x5V +4xiV <5
3xtV 4+ 4xtV < 4
XU < ijL ,xjw >0, j=1,234,5,6 integer.
ILPY := Max

18l + 12x5E + xkb + 2xEE + xEL + Lt
Subject to

2xEE + 3xkt + 3xit

3xk 4+ 2xit <8
3xkl 4+ 2xit < 8

+ 3xkb + 3xLt + 2xE <30



Table 7. Optimal values and solutions of Example 3.

Problem ILPYY ILPM qLPUL  [LPYY

Optimal values 14 46 328 1065
xR 1 2 8 30
xR 0 0 0 0
xR 0 0 0 0
xR 1 4 10 15
xR 1 2 8 15
xR 0 0 0 0

2xt +3xtt <5
x].LL < xIVL,ijL >0, j=1,2,34,5,6 integer.

ILPUL := Max
25x7L + 18xYE + ¥ + 3xYL + 3xYE + xYE
Subject to

a0l 4 22 YL + x¥ + 1l 4 2xY + xPL < 35
2xUL + VL < 16

L+ Pt <10

x4+ 2x0t < 15

ijL < x,-UU ,x}”‘ >0, j=1,23456 integers.

To find rough value optimal solutions (Z*®), decision rough integer
variables (x]f‘R) and apply branch and bound algorithm (Gupta and
Mohan, 2006) to find integer optimal solutions of Example 3 as
shown in Table 7.

The possibly optimal values range solutions for

ILPUAL = [[LPLV [LPUV] = [14,1065] also

the surely optimal values range solutions for
ILPAT = [ILPM, ILPYY] = [ 46,328 ] in addition, the rough optimal
values range solutions ILPRI

= ([ILPY1, [ILPYA]) = [[46,328],[14,1065]]

Where

L™, 2" ] = [2,8] , [x", 2574 ] = [0,0],

[x3*, 23U = [0,0], [x;**, x3"*] = [4,10],

[zt x2UE] = [2,8], [xetE, x2VE] = [0,0].

Are the integers completely satisfactory solutions. And

[x*Y, 23] = [1,30], [x5*Y, %3771 = [0,0]

X , X = ,U], [X. , X, = )

[x5*7, x37Y] = [0,0], [x3"", x3"Y] = [1,15]

[x2Y, x2UY] = [1,15], [x2Y, x2UY] = [0,0]

are the integers’ rather satisfactory solutions. Also,

xR = ([2,8]: [1,30]), 3R = ([0,0]:[0,0])

x3® = ([0,0]:[0,0]), x;® = ([4,10]: [1,15]),

xR = ([2,8]:[1,15]), xR = ([0,0]: [0,0]).

are the integers rough optimal solutions.
Note that, decision variables and the optimal values are rough
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intervals. Thus, we have completely satisfactory solutions and
rather satisfactory solutions. Then, we give the decision maker
more freedom to choose.

DISCUSSION

Comparing the linear programming with rough Interval
coefficients by Hamazehee et al. (2014), who only used
the rough interval with coefficients in linear programming
problems, and with fuzzy interval integer transportation
problems by Pandian et al. (2018), who used a new
method namely; level-bound method that was proposed
to solve fuzzy interval integers transportation problems,
this study used fully rough intervals integer linear
programming problems, where all parameters and
decision variables in the constraints and the objective
function are rough intervals, since many linear
programming problems in our real life require that the
decision variables be integers. In addition, rough intervals
are very important to tackle the uncertainty and imprecise
data in decision making problems. Moreover, the
proposed algorithm enables us to search for the optimal
solution in the largest range of possible solutions.
Furthermore, N suggested solutions are obtained to
enable the decision maker to choose the best decisions.
On the other hand, some solutions, such as completely
satisfactory solutions (surely solutions) as in problem (6)
(step 2), are successfully reached, which lets us be sure
that the optimal solution is in the lower approximation
interval. While the rather satisfactory solutions (possible
solutions), as in problem (5) (step 1), makes it possible
that the optimal solution is in the upper approximation
interval. The slice-sum method can be served as an
important tool for the decision makers, when they are
handling various types of logistic problems with rough
variable parameters. Furthermore, the branch and bound
technigue is used to reach the integer programming. The
results, in the form of rough intervals method, do not
ignore any part of the solution area. The motivation
behind the study is to enable the decision maker to make
the right decision in the field of proposed solutions, in
case of having to deal with the uncertainty and imprecise
data. Finally, to clarify the idea and support this paper,
some examples are solved by "WinQSB" program (Olga
et al., 2009) in order to illustrate the new concepts.

Conclusion

Some basic concepts of rough intervals are reviewed in
this research paper. Then we presented a methodology
for solving fully rough integer linear programming
problems and found rough value optimal solutions and
decision rough integer variables, where all parameters
and decision variables in the constraints and the objective
functions are rough intervals. The proposed model
depends on slice-sum method, branch and bound
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method and integer programming, which is a good
technique for many LP problems which require that the
decision variables are integers. Also, the used rough
intervals are very important to tackle the uncertainty in
decision making problems. In addition, we obtained N
suggested solutions in order to enable the decision
maker to take the best decision. Furthermore, we got on
solutions such as completely satisfactory solutions (surely
solutions) and rather satisfactory solutions (possibly
solutions) by lower approximation interval and upper
approximations interval respectively. The results are in
the form of intervals and the interval method does not
ignore any part of solution area. It is thought that the
rough intervals are useful new tools to tackle the
uncertainty, vague and imprecise data in decision making
problems. Also, a flowchart of the steps to solve the
problem is provided for more clarification.
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