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In this research, we developed a model for investigating the spread of HIV infection, which can result in
acquired immunodeficiency syndrome (AIDS), through vertical and horizontal transmissions and
introduced the concept of identification program by considering identification rate in heterosexual
population which was qualitatively and numerically analyzed. We obtained equilibrium points of the
model at two states (infection-free and Endemic). Thereafter, we investigated the criteria for existence of
the endemic equilibrium point of the model. We determined local and global dynamics of the steady
states of the system using stability theory and computer simulation before concluding.
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INTRODUCTION
Today, acquired immunodeficiency syndrome (AIDS),
which is caused by human immunodeficiency virus (HIV)
has shown a very high degree of prevalence in
populations all over the world. The nature of human
interactions, the uncertainties in the current estimates of
epidemiological parameters and the lack of enough and
reliable data makes it extremely difficult to understand the
dynamics of the virus transmission without the frame
works provided by mathematical modeling. The study of
mathematical modeling is also helpful in determining the
demographic and economic impact of the epidemic which
in turn helps us to develop reasonable scientific and
socially sound investigation plans in order to reduce the
spread of the infection (NACO, 2004).
In recent decades, several mathematical modeling
studies have been conducted to describe the transmission dynamics of HIV infection for homogeneous and
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heterogeneous populations (Anderson et al., 1986, 1988;
Bailey, 1986; Knox, 1986; Pickering et al., 1986; May and
Anderson, 1987, 1989; Grant et al., 1987; Hethcote,
1987; Anderson, 1988; May, 1988; Castillo-Chavez et al.,
1989a, b, c; Sun, 1995; Hethcote and Yorke, 1984;
Rapatski et al., 2006).
In particular, Anderson et al. (1986) described some
preliminary attempts to use mathematical models for
transmission of HIV in a homosexual community. May
and Anderson (1987) presented simple HIV transmission
models to help clarify the effects of various factors on the
overall pattern of AIDS epidemic. Blythe and Anderson
(1988) considered HIV transmission models with four
forms for the distribution of incubation period by
assuming that the infectious period is equal to the
incubation period. Castillo-Chavez et al. (1989) analyzed
a model where the mean rate of acquisition of new
partners depends on the size of the sexually active
population. Most of the above mentioned models
consider only one population but HIV transmission takes
place in the population that are heterogeneous in a
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variety of ways and this aspect should be taken in
modeling HIV (Knox, 1986; Colgete et al., 1989; Jacquez
et al., 1989; Koopman et al., 1989; Srinivasa Rao, 2003;
Abbas et al., 2007; Korobeinikov et al., 2001; KribsZaleta et al., 2005; Arazoza et al., 2002; Smith et al.,
2001).
MODEL FORMULATION
Let us consider a heterosexual community of size P with
uniform promiscuous behavior and taking only
heterosexual encounters and assume that the birth and
death rates are same, making community size to be a
constant. We have assumed that infection is transmitted
in the studied population, through the member of one
male or female class to the other female or male class
respectively. The infection can also be transmitted
vertically to the offspring of an infected mother.
Let any instant of time t for the illustrated community be
subdivided into five classes of S1(t) male susceptibles,
I1(t) male infectives having HIV infection, S2(t) female
susceptibles, I2(t) female infectives having HIV infection,
R(t) removed infected hosts after identification. The
susceptibles become infected with transmission efficiency
k and the rate at which the HIV infected individuals are
removed from the population after being identified is c.
This leads to the following system of ordinary differential
equations

dS1
kS1I 2 b S R pb I bS1
dt
dS2
kS2 I1 b 1
S R pb 1
dt
dI1
kS1I 2 qb lI b c I1
dt
dI2
kS2 I1 qb 1 l I b c I 2
dt
dR
cI bR
dt

0 ; S 2 ( 0 ) S 20

R0 0 , P S I R ; S
1 p q ; 0 , , l 1.

The equilibrium points of the model can be derived from
the following set of equations

kS1* I 2* b S1* S 2* R*
kS2* I1* b 1

kS1* I 2* qb l I1* I 2*

bS1* 0
) I1* I 2*

pb (1

bS2* 0

b c I1* 0

kS2* I1* qb 1 l I1* I 2*
c I1* I 2*

pb I1* I 2*

S1* S 2* R*

(3)

b c I 2* 0

bR* 0

S1* S 2* I1* I 2* R* P

I1* I2* R* 0 ;
S1* P ; S2* 1
(1)

P

Endemic equilibrium point

E1(S1*, I1*, S2*, I2*, R* ) :

0;

S1 S2 ; I I 1 I 2 ;
(2)

where

1

EQUILIBRIUM POINTS OF MODEL

E0 (S1*, I1*, S2*, I2*, R* ) :

I bS2

I1 (0) I10 0 ; I 2 (0) I 20 0 ;
R0

The mathematical modeling as seen in 2 can be
understood by following Figure 1.

Infection free equilibrium point

with initial data

S 1 ( 0 ) S 10

in population under consideration.
b and b = Birth rates of susceptibles and infectives
respectively.
p = The fraction of newborn offsprings of infective
parents, who are susceptible at birth.
q = The fraction of newborn offsprings of infective
parents, who are infective at birth.
b and b = Death rate of susceptibles and infectives
respectively.

,1
,
, and l The fraction of male hosts
and 1 l
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S1*

b P a1 I1* I 2*
;
kI2* b

S1*

0 , if b αP pb β I1* I*2

S2*

b1

S*2

0

P a2 I1* I 2*
;
kI1* b

b 1 α P pb 1 β
R*

bα I1* I*2

,

I1*

I *2

if

b1 α

I1*

I *2

c * *
I I
b 1 2
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Figure 1. Five classes of S1(t) male susceptibles, I1(t) male infectives having HIV infection, S2(t) female
susceptibles, I2(t) female infectives having HIV infection, and R(t) removed infected hosts.

R*

0 , if I 1*

0 , I *2 0

I 2*

Now, we investigate criteria for endemic steady state E1
to exist. We require the system of equations (3) has a
positive solution.
From the set of equations (3) we get:
2

a3I2* a4 I1*

2

a5I1* a6 I2*

a7I1*I2* a8 I1* I2*

a9 0
(4)

which implies

I1*

I1*
Thus

a8

0 , if
I1*

a82 4a4a9
*
; when I 2 0
2a4

a82

4a4 a9 , a8 0 , a4 0 and a9 0

z1 (let) when

I 2*

0

and
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a8

a82 4a6a9
*
; when I1 0
2a6

I *2 0 , if a82 4a6 a9 , a8 0 , a6
Thus

I 2*

z2 (let) when I1*

0 and a9 0

0

We can also obtain
2

dI2*
dI1*
dI*2
dI1*

a3 I1*

2a3I1*I2* 2a3I1* a5I2* a7 I2* a8
;
2
a3I1* 2a5I1*I2* 2a6 I2* a7 I1* a8
0,
2

if

2a3 I1* I*2 I1*

2a5 I1* I *2

Hence, we find that

a5 I*2

2a6 I *2 a7 I1*

I 2* is

2

a7 I*2

a8

and

a8

decreasing function of
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Figure 2. Intersection graph of the two isoclines.

Also, from the set of equations (3) we get:
2

a10I1*

2

2

a11I2*

2

a12 I1* I2* I1*I2*

*

a13I1*I2* a14I1* a15I2* 0

(5)

which implies

isocline (4) represents

I1*
Thus

a14
; when I 2*
a10

I1*

Thus

0

u1 (let) when I 2*

0, if a14 0 and a10 0

isocline (5) represents I 2 as decreasing from u2.
Therefore, two isoclines must intersect provided
intersection values

0

0 I 1*

z1 and 0 I *2

u2 , then

endemic equilibrium point E1 exists in the positive
plane, shown in Figure 2.

a15
; when I1* 0 I *2
a11

I 2*

u2 (let) when I1*

0 , if a15 0 and a11 0
0

QUALITATIVE ANALYSIS

2

2a10I1* a13I 2* 2a12I1*I 2* a12I 2*

dI2*
dI1*

2

a13I1* 2a11I 2* 2a12I1*I 2* a12I1*
0 ,if 2a10I1* a13I *2 a12 2I1* I *2

a13I1*

2a11I *2

2a12I1* I *2

I1* I 2*

Note: The values of constants ai (i = 1, 2, ….., 15) are
given in appendix.

We can also obtain

dI*2
dI1*

I 2* as decreasing from z2 and
*

I 1*

and

I 2*

*

Hence, we find that I 2 is decreasing function of I1 .
From the foregoing equation, we see that the two
isoclines given by (4) and (5) will intersect provided that
z1 u1 and u2 z2 . Hence, with this consideration,

I *2

2
a12I1*

2

a14
a15

;

Now to determine local and global dynamics of steady
states E0 and E1 of system (1) we used Lyapunov’s
second method. First we analyzed local dynamic of
above steady states (E0 and E1). So that we can find
sufficient conditions under which E0 and E1 are locally
asymptotically stable in the form of the following
theorems (6) and (7) respectively.

a14 and
Theorem 6

a15
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Let the following inequalities hold:
Jiwaji University

Teguria et al.

Proof

1 *
kS1 2pb β 4bα bA1
2

(b b αA1 )

(4bα pb β)A1

(6a)

kS*2 2b 2pb A1

bα

Let us take the following positive definite function of
system (1) is:

(6b)

c)

1 *
(kS1 3qb l )
2

(6c)

(b

c)

1 *
kS2 3qb (1 l)
2

(6d)

Here, Ai is arbitrary positive constants (i = 1,2,….,5).
Using linearized form of system (1) in time derivative of

V1 and applying the inequality ( a b) 1 (a2 b2 ) and
2

(6e)

dV1
dt

Then E0 is locally and asymptotically stable. Here A1 is
arbitrary positive constant.

b

A12

1
(4b
2

A13

(b

c) A2

A14

(b

c) A3

A
15

A1 )
pb

1
pb
2
1
pb
2

bA
4

pb (1

kS1*

)

pb (1

1
b
2

kS2* A1

kS1*

Steady state E1 of the system (1) is locally asymptotically
stable if
1 *
kS
2 1

2pb β 4bα bB1 kI*2 B2

(8a)

(kI1* 4bα pb β)B1 bα (kS*2 2pb 2b)B1 kI1* B3

(8b)

(b

c)

1
(kS1*
2

(b

c)

1 *
kS2 kI1*
2

b c

kI*2

4b

*
kS2

3qb l ) A2

qb l A2

(1

Theorem (7)

*

2 pb

(kS1*

) A1

A11n12 A12n22 A13n32 A14n42 A15n52

(8)

Where

1
*
kS1
2
1
) A1
b
2

Here A11 0, A12 0, A13 0, A14 0, A15 0, are holding
under the conditions (6[a-e]). Thus the time derivative of
V1 is negative definite under the conditions (6). Hence
from theory of stability E0 is locally asymptotically stable.

(kI2 b b αB1 )

(7)

after some manipulations, we get:

b c

(b

1 2
n1 A1n2 2 A2 n32 A3n4 2 A4n52
2

V1

(b

A1 1

183

2b

2 pb

qb (1 l )

kS2*

bA
1 ;

kS2* A3

3qb (1 l ) A3

)bA
1

A1 ;
cA4

cA4 ;

2cA4

;

uniformed. Where B1, B2, B3 are arbitrary positive
constants.
Proof of the theorem (7) is similar to the above theorem
(6).
Now to show that steady states E0 and E1 of system (1)
are globally asymptotically stable, we consider a region of
attraction for the system (1) in the form of the following
lemma,
Lemma (1)
The set

3qb l)

(8c)

3qb (1 l)

(8d)

(8e)
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(S1, S2 , I1, I 2 , R) :

0 S1m S1 P ;
0 I1m I1 P ;
0 R;

R1

Here,

S1m = S2m

I1m

0 S2m S2 P ;
0 I 2m I 2 P;

I 2m are positive constants. This

is a region of attraction for all solutions initially in the
positive orthant.
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Now we obtain here the conditions for asymptotic
stability of positive steady states E0 and E1 of system (1)
in non-linear (global) case in form of the following
theorem (8).
Theorem (8)
The steady state E0 of system (1) is non-linearly (globally)
asymptotically stable in a region R1 given by lemma (1)
where the following conditions are satisfied:

1
(b b αK1 )
(kS1m 2pb β 4bα bK1 )
2

(4bα pb β)K1
(b

c)

(b

c)

bα

kS2m 2b 2pb K1

(9a)
(9b)

1
(kP 3qb l)
2

(9c)

1
kP 3qb (1 l)
2

(9d)

b c

(9e)

Proof

dv4
k (S2* v2 )v3 qb (1 l)v3
dt
du 5
dt

bu1

pb u 2 bu3

1 2
v1 K1v22 K2v32 K3v42 K4v52
2

Ki are

(10)

arbitrary positive constants

(i 1,2,.....5).

E0 (S1* , S2* , I1* , I 2* , R* ) as
v1 (t ),v2 (t ), v3 (t ), v4 (t ) and v5 (t ) respectively on putting
I1

S1*
I1*

v1 (t ),

v3 (t ), I 2

S2

S2*

dV2
dt

)bv12

(1

dv2
(1
dt
(1

(11e)

bK1v22 (b c) qb l K2v32 (b c) qb (1 l ) K3v42

bK4v52 b K1b(1 ) v1v2 kS1mv1v4 pb v1v3 pb v1v4
b v1v5 kS2m K1v2v3 pb (1 )K1v2v3 pb (1 )K1v2v4
(1 )bK1v2v5 (kP qb l )K2 kP qb (1 l ) K3 v3v4
cK4v3v5 cK4v4v5

Applying inequality

ab

(12)

1 2 2
( a b ) and a lengthy
2

algebraic manipulation yields:

K11v12 K12v22 K13v32 K14v 42 K15v52

1
(kS1m 2 pb
2
1
pb )K1
b
2

K11 (b b K1 )

K12

1
(4b
2

K13 (b c)K2

(1

I 2* v4 (t ), R R* v5 (t ) in the set

)bv1 b v2 pb v3 k(S1* v1)v4 pb v4 b v5 (11a)
)bv1 b v2 k (S2* v2 )v3 pb (1

K14 (b

c) K3

v2 (t ),

of equations (1).
We get following equivalent nonlinear system of model
(1):

dv1
dt

pb u 4 mu 5

(11d)

Differentiating V2 with respect to t along the solution of (1)
and using lemma (1), we get:

Take small perturbations in

S1

qb (1 l) (b c) v4

(11c)

(13)

Where

Again consider the following positive definite function
about E0 of system (1)

Here,

c) v3 k (S1* v1 )v4 qb lv4

qb l (b

dV2
dt

where K1 is arbitrary positive constant.

V2

dv3
dt

)v3 pb (1

)v4

(11b)

)bv5
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K15 bK4

1
b
2

4b

bK1 )

kS2m 2b 2 pb K1

1
pb
kS2m pb (1 ) K1 kP 3qb l K2
2
qb (1 l ) kP K3 cK4
1
kS1m pb
pb (1 ) K1 kP qb l K2
2
kP 3qb (1 l ) K3 cK4

(1

)bK1 2cK4 ;

Here K11 0, K12 0, K13 0, K14 0, K15 0, are existing
under the conditions (9[a-e]). From (13), it can be shown
that, dV2 is negative definite under the following
dt
conditions (9[a-e]). Hence, disease free steady state E0 of
system (1) is non-linearly (globally) asymptotically stable
in the region R1 under the conditions given by (9[a-e]),
proving theorem (8).
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Figure 3. Variation of population at large time scale.

Similarly we also determined that endemic steady state
E1 of system (1) is also globally asymptotically stable in a
region R1 given by lemma (1) under the conditions as
follows:

(kI2m b b αT1 )

(14a)

(b

S1*

(14b)

(14c)

1 *
kS kP 3qb (1 l)
2 2
43.7300579
, S *2

Where T1, T2, T3 are arbitrary positive constants.

To study the dynamical behavior of the model system (1),
numerical simulation of the model is done by MATLAB
7.0
using
the
parameter
values

k 0.01,

0.4, b 0.5, b' 1, p 0.4, q 0.6, l 0.2, c 0.3

0.4,

with initial values:

1
c) (kS1* kP 3qb l)
2

(b c)

(14e)

NUMERICAL ANALYSIS

1 *
kS1 2pb β 4bα bT1 kPT2
2

(kI1m 4bα pb β)T1 bα kS*2 2b 2pb T1 kPT3

b c

(14d)

125.6327342
, I1*

S1(0) 500, S2 (0) 500, I1(0) 100, I 2 (0) 100, R(0) 100
The endemic equilibrium values of different variables are
computed as follows:

226.6570323
, I *2

The results of numerical simulation are displayed
graphically in Figures 3 to 12. In Figures 3 to 6 the
distribution of population with time at large and small
scales respectively, are shown in different classes. It is
seen that the susceptible male and female populations
decreases continuously as the population is closed which
results in an increase in infective male and female
der, School of Mathematics And Applied Sciences (SOMAAS),
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479.9861267
, R*

423.989101

populations and then it decreases as all infective males
and females will be identified as AIDS (HIV Positive)
individuals and some of them may die by diseaseinduced deaths which results as the variation in all
subpopulations are being stopped due to the
endemicness of HIV virus.
The variation of infective male population is shown in
Jiwaji University
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Figure 4. Variation of population at small time scale.

Time (years)
Figure 5. Variation of infective and susceptibles population at large time scale.
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Infective male population

Figure 6. Variation of population at small time scale.

0

2

4

6
Time (years)

8

10

12

Figure 7. Variation of infectives male due to change in k.

Figures 7 to 9, infective female population and identified
infective population respectively at different level of
horizontal transmission rates as k 0.001to 0.016. It is
found that all infective subpopulations including identified
der, School of Mathematics And Applied Sciences (SOMAAS),
Gwalior (M.P.) India.

sub-population, first increased with time and then
reached on its equilibrium position.
The variation of identified infective population at various
increasing level of identification strategy of infective
Jiwaji University
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Infective female population
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Time (years)

Identified infective population

Figure 8. Variation of infectives female due to change in k.

12

Time (years)
Figure 9. Variation of identified infectives due to change in k.

individuals (males and females) as c 0.01 to 0.48 is
reflected in Figure 10. It is observed that identification
program runs successfully at first then increases with
time and then arrives at its equilibrium position. For the
most part, when the level of identification rate c is increased more than 0.6 the identified population increased
der, School of Mathematics And Applied Sciences (SOMAAS),
Gwalior (M.P.) India.

slowly at first having low peak and decreases rapidly with
time and then achieves an equilibrium position. However,
this happens due to the complexity of identification
strategy which should be appropriate and properly correlate with distribution and transmission related aspects
of infection.
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Time (years)

Infective male populations (I1)

Figure 10. Variation of identified infectives due to change in c.

650
Susceptible male populations (S 1)
Figure 11. Male population plane.

In Figures 11 to 12, the infective male and female
populations are plotted against the susceptible male and
female populations respectively. We see from these
figures that for any initial start, the solution curves tend to
der, School of Mathematics And Applied Sciences (SOMAAS),
Gwalior (M.P.) India.

endemic equilibrium point. Hence, we infer that the
system (1) may be globally asymptotically stable about
this endemic equilibrium point for the above set of
parameter values.
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Susceptible female populations (S 2)
Figure 12. Female population plane.

Conclusions

(ii)

In this paper, a deterministic mathematical model is
formulated and analyzed qualitatively and numerically, to
study the transmission dynamics of HIV/AIDS in a
heterosexual population, which is of constant size, by
assuming constant births and deaths of males and
females. Since, the vertical transmission of infection, due
to sexual interaction of susceptible (male/female) with
infective (female/male), there is also increase in the
population level of susceptible (male/female) and
infective (male/female) subpopulations by recruiting their
offspring’s according to their susceptibility or
infectiousness at the time of birth. To analyze the effect
of identification program of seropositves on the dynamics
of infection, the model incorporated an identification rate.
The model has two non-negative equilibriums namely the
infection-free equilibrium and the endemic equilibrium. It
is found that the infection-free equilibrium point and the
endemic equilibrium point are locally and globally
asymptotically stable under the conditions involving
infection related parameters respectively. From stability
analysis of infection-free equilibrium point, it may be
concluded that the infection would eventually die-out in
the population. From the analysis of endemic equilibrium
point, it may be concluded that the infection will remain
always in the population provided

(iii)

(i)

bcP b2

pb R*
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Gwalior (M.P.) India.

(iv)
(v)
(vi)

p ql b b (1 α) c 2 αbP
k α(1 α)P pb b
pβ ql b α (1 α)b c αβpb
pβ ql b (1 α)bα b (1 α) pb β c
b > is being satisfied.

The study of the model (1) suggested that the vertical
spread of the infection should be controlled by rigid use
of condom or other effective treatment to keep the overall
infective population under control. It may also be
speculated that if the HIV infection is suppressed at an
early stage by effectively treating the infectives; this can
become more effective if we identify infectives by
choosing the right identification strategy, which may help
not only in initial treatment of infective but also helpful in
controlling vertical spread of infection.
The progression to the AIDS disease can be slowed
down and the life span of HIV infectives can be
increased.
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