African Journal of Mathematics and Computer Science Research Vol. 4(8), pp. 273-280, August 2011

Available online at http://www.academicjournals.org/AJMCSR
ISSN 2006-9731 ©2011 Academic Journals

Full Length Research Paper

A common fixed point theorem and some fixed point
theorems in D*- Metric spaces

T. Veerapandi'* and Aji .M. Pillai?

'P.M.T College, Melaneelithanallur - 627 953, India.
’Manomaniam Sundaranar University, Tirunelveli, India.

Accepted 17 May, 2011

In this paper we establish some common fixed point theorems for contraction and some generalized
contraction mappings in D* - metric space which is introduced by Shaban et al. (2007). In what follows,
(X, D*) will denote D* - metric space, N is the set of all natural number and R" is the set of all positive

real number.
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INTRODUCTION

There have been a number of generalization in
generalized metric space (or D-Metric space) initated by
Dhage (1992). He proved the existence of unique fixed
point theorems of a self map satisfying contractive
conditions in complete and bounded D- Metric space.
Dealing with D- metric space, (Ahmad et al., 2001;
Dhage, 1992, 1999; Dhange et al., 2000; Rhoades, 1996;
Singh and Sharma, 2002) and others made a significant
contribution in fixed point theory of D- metric space.
Unfortunately almost all theorems in D- metric space are
not valid (Naidu et al., 2004, 2005a, b). Here our aim is to
prove some common fixed point theorems using some
generalized contractive conditions in D*- metric space as
a probable modification of the definition of D- metric
spaces introduced by Dhage (1992).

Definition 1

Let X be a non empty set. A generalized metric (or D* -
metric) on X is a function

D*: X* — [0, «) that satisfies the following conditions for
eachx,y,z,ae X

(1) D*(x,y,2)>0

*Corresponding author. E-mail: vipnd@yahoo.co.in. Tel:
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Mathematics subject classification: 54E40, 54E35, 54H25.

(2) D* (x,y,z)=0ifand only ifx=y =2z

(3) D* (%, ¥, z) = D* (p{x, y, z}) where p is permutation
(function.

(4) D* (x,y, z) <D*(x,y, @) + D* (a, z, 2).

The pair (X, D*) is called generalized metric (or D* -
metric) space.

Examples 1

(a) D*(x, y, 2) = max {d(x, y), d(y, 2), d(z, X)},

(b) D*(x, y, 2) = d(x, y) + d(y, ) + d(z, X).

Here, d is the ordinary metric on X.

(c) If X = R" then we define

D*(x, ¥, 2) = (Ix = yll " + Ily = 2I| * + ||z = x|| *)" " for every
peR’

(d) If X =R then we define

0 ifx=y=z
D*(x,y,2)=

max{x,y, z} otherwise,



274 Afr. J. Math. Comput. Sci. Res.

Remark 1

In D* - metric space D* (X, y, y) = D* (X, X, y)

Definition 2

A open ball in a D* - metric space X with centre x and
radius r is denoted by Bp- (X, r) and is defined by Bp- (X, )

={yeX:D*(X,y,y) <r}

Example 2

Let X = R Denote D* (X, y, z) = [x-y| + |y — z| + |z — x| for
allx,y,zeR.
Thus, Bp-(0,1)={y e R/D*(0,y,y) <1}
={yeR/|0-y[+|y—-y|+|y-0]<1}
={y eR/ly|l +|y| <1}
={y e R/|y| <%}
={yeR/-Y<y<V}
= (Y2, Y2).

Definition 3
Let (X, D*) be a D* - metric space and A ¢ X

(2) If for every x €A, there exist r > 0 such that Bp- (X, ) <
A, then subset A is called open subset of X.

(2) Subset A of X is said to be D* - bounded if there exist
r > o such that

D*(x,y,y)<rforall x,y e A.

(3) A sequence {x,} in X converges to x if and only if

D* (Xn, Xny X) = D* (X, X, X,) > 0 @s n — oo,

That is, for each € > 0 there exist ng € N such that for all n
> ng implies

D* (X, X, X,) < &. This is equivalent for each ¢ > 0, there
exist ng € N such that for all n, m > ng implies D* (X, X,,
Xm) < €.

It is also noted that D* (X,, Xn, X) = D* (X, X, X,) < e for all n
> Ny, for some ng € N.

(4) A square {x,} in X is called a Cauchy sequence if for
each ¢ > 0, there exist ng € N such that D* (X,, Xp, Xm) < €
for each n, m > ng The D* - metric space (X, D*) is said to
be complete if every Cauchy sequence is convergent.

Remark 2

(1) D* is continuous function on X*

(2) If sequence {x,} in X converges to x, then x is unique.
(3) Any convergent sequence in (X, D*) is a Cauchy
sequence.

Definition 4

A point x in X is a common fixed point of two maps T, Ty:
X — Xif Ty (X) = T2 (X) = x.

MAIN RESULTS

Common fixed point theorems for Banach contraction
mappings type in D*- metric space.

Theorem 1

Let (X, D*) be a complete D* - metric space and T, T, Ts:
X— X be three maps such that D*( Tix, Ty, Tsz) < a D*
(X, y,z)forall x,y,z, e Xand 0 <a< 1. Then T, T, T;3
have a unigue fixed point in X.

Proof

Let xo € X be a fixed arbitrary element.
Define a sequence {x,} in X as

Xane1 = TiXanforn=0,1, 2. ..

Xan+2 = T2 Xan+1 forn= 0, 1, 2...

X3n+3 = T3 X3n+2 forn= 0, 1, 2...

For all n > 0 we define

dn =D* (Xn ’ Xn+1, Xn+2)

dzn+1 = D* (Xan+1, Xan+2, Xan+3)
= D* (T1Xan, T2Xan+1, TaXan+2)
< a D* (Xan, Xan+1, Xan+2)

< d3n

Simillarly,

d3ns2 = D* (Xan+2, X3n+3, Xan+a)

= D* (T2 Xan+1, T3 Xane2, T1X3n+3)
< a D* (Xan+1, Xan+2, X3n+3)

< dzn+1

Hence
d3n+2 < d3n+1 < d3n f0r a.” n.

Thus {d,} is strictly monotonically decreasing sequence of
positive real numbers and bounded below, it is
convergent to a positive real number .Let it be | . suppose
that|# 0. Thenl > 0.

I=1lim d,
n—o0
= Iim d3n +1
n—o0
= lim D* (Xan+1, Xan+2, Xan+3)
n—o0
= lim D* (T1Xan, T2Xan+1, T3 Xan+2)
n—o0
< lim aD* (X3n, X3n+1,X3n+2)
nN—o0



< lim ads,

n—oo

<lima3dy—0asn— .

nN—oo

Thus 1= 0.
Hence lim d, =0.

nN—o0
we shall prove that {x,} is a D* - cauchy sequence in X.
Form >n >n, we have

D* (Xny Xns Xm) <D* (Xna Xns Xn+1) + D* (Xn+1a Xn+1, Xm)

<D* (Xm Xn; Xn+l) + D* (Xn+la Xn+1, Xn+2) +...+D* (Xm-la Xm-
1 Xm)

—0asm,n— .

Thus D* (Xp, Xn, Xm) < € for all m, n > ny for some ng € N
Thus {x,} is D* - Cauchy sequence in X.

Since X is D* - complete x, — xin Xas n — o.

Now we shall prove that T;x = x.

We have D* (Tix, X, x) = lim D* (T1X, T2Xan+1, TaXane2)
n—oo

<alim D* (X, Xan+1, Xans2) = 0

n—o0
Thus D* (T1x, X, X) = 0. Hence Tix = x
Similarly, we prove that T,x = x and Tsx = x
Uniqueness:
Suppose X zysuchthat Tiy=y, T,y=yand Tz y =y
Now D* (X, Y, y) = D* (T1x, Tay, Tay)
<aD*(x,v,Y).
This implies (1- a) D* (x, y, y) < 0.
Sincex =y, D*(X,y,y)>0we have 1-a<0

This implies a >1 which is contradictionto a < 1.
Hence T4, T, and T3 have a unique common fixed point.

Theorem 2

Let (X, D*) be a D*- complete metric space and T: X —» X
be a map such that

DH(Tx, Ty, Tz)<a {D*(x, Y 2) + D¥(x, Tx, Ty) + D¥(y, T, Tz)}for alxy,zeX
and 0 <a < 1/4. Then T has a unique fired point.

Proof

Let Xo € X a fixed arbitrary element.
Define the sequence {x,} in X as Xp:1= Txpforn=0, 1, 2.

For n > 0 we have,
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D*(Xn, Xny Xn+1) = D*(TXn-1, TXn-1, TXp)
<a {D* (Xn-11 Xn-1» Xn) + D*(Xn—ly TXn—ly TXn—l) + D*(Xn—ly TXn.]_,
Txn)}
=a {D*(Xn-h Xn-1y Xn) + D*(Xn—ly Xns Xn) + D*(Xn—ly Xny Xn+1)}
< a {D*(Xn1, Xn-1.%n) + D*(Xn-1, Xn1, Xn) + D*(Xn-1, Xn1,Xn) +
D*(th Xm Xn+1)}
(1-a) D*(Xn, Xn, Xn+1) < 38 D*(Xn-1, Xn-1, Xn)
D*(th Xm Xn+1) < Sia D*(Xn—ly Xn—ly Xn)-
l1—a
< b D*(Xn-1, Xn-1, Xn)-

whereb= 3a <1.
l1—a

<b"D (X0, Xo, X1) — 0, as N — .

For m > n > ng we have

D*(Xna Xns Xm) < D*(Xm Xn Xn+1) + D*(Xn+1y Xn+1, Xm)

< D*(Xna Xn» Xn+1) + D*(Xn+1, Xn+1, Xn+2) +...+ D*(Xm»ly Xm-1s
Xm)

—0asm,n— .

Thus {x,} is D*- Cauchy sequence in X.
Since X is D*- complete x, — x in X
Now we prove that Tx = X. Suppose X = Tx

D*(Tx X, X) = lim D*(TX, Xn+1, Xn+1)
n—oo

= lim D*(Tx, Tx,, TXy)

n—o0
<a lim {D*(x, Xn, Xn) + D*(X, TX, TXn) + D*(Xn, TXn, TXn)}
n—o0
=a lim {D*(X, Xn, Xn) + D*(X, TX, Xn+1) + D*(Xn, Xne1, Xns1)}
n—o0

= a D*(x, Tx, X)
< D*(TX, X, X). which is contradiction.
Thus x = Tx.

Now we prove the uniqueness. Suppose X # Yy such that
Ty=y

D*(x, y,y) = D*(Tx, Ty, Ty)

<a{D(x y,y) + D*(x,x,y) + D*(y, y, y) }
<2aD*x,y,Y)
< D* (X, Y, ¥), which is contradiction.

Hence T has a unique fixed point.

Theorem 3

Let (X, D*) be a D*- complete metric space and T: X— X
be a map such that

D*(Tx, Ty, Tz) < ay {D*(x, Yy, 2) + %2 {D*(x, Tx, Ty) +D*(y, Ty, Tz)} +

a—23 {D*(x, y, Ty) + D*(y, z, T2)} forall x,y,z € X}
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3 3
and 0<a; + Eaz +E az; < 1. Then T has a unique fixed

point.

Proof

Let xo X be a fixed arbitrary element.
Define the sequence {x,} in X as X,+.1 = Tx,forn=0, 1, 2.

For n > 0 we have

D* (Xm Xns Xn+l) = D*(Txn l! TXn 1y TXn)

< {a1 D* (M1, X1, Xo) + 2 {D*(xn 1, T2, Txa1) + D* (Xo-1, TXne1, TX0)T

+ ?3 {D*(Xn-1, Xn-1, TXn-2) + D*(Xo-1, X, Txn)}}
a
= {al D*(Xo-1, Xn-1, %n) + 72 {D*(Xa-1, X, %) + D*(Xn-1, Xn, Xn+2)}

# 2 s ot ) + D6, X X))

< {al D*(Xn-1, Xn-1, Xn) + a2 (D*(Xn-1, Xn-1, %n) + @z D*(Xa-1, Xn-1, %n)

2 2 D*(Xn, Xn, Xn+1)+ D*(xn Xn, Xn+l)}

az a3
(1 - —=- =) D*(Xn, Xn, Xn+1) < (@r+az+as) D*(Xp-1, Xn-1, Xn)

2

D*(Xn, Xn, Xne1) € @, + a, + a,

_ 8 &
2 2

D*(Xn, Xn, Xn+1) < @ D*(Xn.1, Xn-1, Xn), Where

D*(Xn-la Xn-1s Xn)

a, +a,+a, <Ll

122 _ 8
2 2

a=

< a" D* (Xo, X0, X1) > 0asn — o

Now we prove that {x,} is D* - Cauchy sequence in X.

For m > n, we have

D*(Xn, Xny Xm) < D*(Xn, Xn, Xne1) + D*(Xnr1, Xna1, Xm)

< D*(Xn- Xns Xn+l) + D*(Xn+la Xn+1, Xn+2) .ot D*(Xm-la Xm-1,
Xm)

— 0 asn, m— w.

Thus {x,} is D* - Cauchy sequence in X

Since X is D* - Complete x, — xin X

Now we prove that Tx = x. Suppose x = TX.

D* (Tx, X, X) = liIM D*(TX, Xq+1, Xn+1)
n—oo
= lim D*(Tx, Txn, TXn)
n—oo

< lim {al D*(X, Xn, Xn) + a—zz {D*(X, TX, TXn) + D*(Xn, TXn, TXn)

+ % {D¥(X X T0) + D*n X0 T}

. a.
= L'ﬂl{al D*(X, Xn, Xn) + ?2 {D*(X, TX, Xx+1) + D*(Xn, Xn+1, Xn+1)}

a.
+ 22 D0 X %) + D00 X Xn+1)}}

=2 p* (%, X, TX)

< D* (%, X, Tx). Which is contradiction Hence x = Tx

Uniqueness:
Suppose x =y such that Ty =y

D*(x,y,y) = D* (TX Ty, Ty)

fai D*(x,y, y) + — > 2 {D*(x, Tx, Ty) + D*(y, Ty, Ty)}

+ 33 {D*(x, y, Ty) + D* (y, v, Ty)}

= a; D*(x, y, y)+ > 2 {D*(x, X, y) + D*(y, v, Y)}

aS
+ Py {D*x,y,y) + D* (v, ¥y, )}

=t 2+ 2)Dr (v, )
2 2 1 1
< D* (X, Y, ¥), which is contradiction.

Thus x =y. T has a unique fixed point.

Theorem 4

Let (X, D*) be a complete D* - metric space and T: X—X
be a map such that

D* (Tx, T, T°) < a D*(X, Tx, T) forall x e X and 0 < a
<1. Then T has a unique fixed point.

Proof

Let xo € X be a fixed arbitrary element.
Define the sequence {x,} in X as xp+1 = TX,forn=0, 1, 2

For n > 0, we have

D*(an Xny XI"I+1) = D*(TXn.l, TXn-ly TXn)
<a D*(Xn.]_, Xn-ly Xn)

< a" D*(Xg, X0, X1) — 0 @as n— .
For m > n we have

D*(Xn, Xn, Xm) < D*(Xny Xny Xn+1) + D*(Xpa1y Xnsts Xns2) + ... +
D*(Xm-lu Xm-1s Xm)

—0asm,n—«

Hence {x,} is a Cauchy sequence in D* - complete metric
space.



Thus, x, — X in X.
Now we prove Tx = X. Supper x # TX

D*(X, X, TX) = liM D*(Xn+3, Xns2, TX)
n—o0

= lim D*(Tn, T, TX)

nN—oo

<a lim D*(T,, Txn, X)

n—oo

=a lim D*(Xn+2, Xn+1, X) = 0

nN—oo

Thus, x = Tx

Uniqueness:

Supper x # y such that Ty :2y.

Then D*(x,y,y) = D*(T3x, Ty, Ty)

<a D*(sz, Ty, V)

=aD*(x,y,y)

This implies

(2-a)D*(x,y,y)<0

Hence 1 - a < 0 (since D*(x, y, y) >0)

There fore a > 1. This is contradictionto a < 1.
Thus T has a unique fixed point.

Theorem 5

Let (X, D*) be a complete D* - metric space and T:X — X
be a map such that

D*(Tx, Ty, Tz) < a max {D*(X, y, z), D*(x, Tx, Ty), D*(y,
Ty, T2), D(X, y, Ty), D(y, z, T2)}

1
forallx,y,ze Xand 0<a< E . Then T has a unique

fixed point.

Proof

Let xo € X be a fixed arbitrary element.
Define the sequence {x,} in X as xp+1 = TX,forn=0, 1, 2

For n >0, we have

D*(Xna Xns Xn+l) = D*(Txn-la TXn-la Txn)

< a max {D*(Xn-la Xn-1, Xn), D*(Xn-la TXn-la TXn-l)u D*(Xn-lu
TXn1, TXp),

D*(Xn-1, Xn-1, TXn-1), D*(Xn-1, Xn, TXn)}

= a max {D*(Xn-1, Xn-1, Xn), D*(Xn-1, Xn, Xn), D*(Xn-1, Xn, Xne1),
D*(Xn-la Xn-1s Xn) D*(Xn-la Xns Xn+l)}

= a max {D*(Xn-1, Xn-1, Xn), D*(Xn-1, Xn,» Xn+1)}

< a max {D*(Xn1, Xn-1, Xn)y D*(Xn-1y Xn1e Xn) + D*(Xn, Xn,
Xn+1)}

< a D*(Xp-1, Xn-1, Xn) + @ D*(Xn, Xn, Xn+1)

(1-a) D*(Xn, Xny Xn+1) < @ D*(Xp-1, Xn-1, Xn)

D*(Xm Xn, Xn+1) < D*(Xn-la Xn-1, Xn)
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< b D*(Xn-1, Xn-1, Xn) Where b = <1foralln

< b" D*(Xg, X0, X1) = 0asn — o

Now we prove that {x,} is D* - cauchy sequence in X.

For m > n we have,

D*(th Xns Xm) < D*(Xm Xny Xn+1) + D*(Xn+1y Xn+1, Xn+2) +...+
D*(Xm-la Xm-1, Xm)

—0asm.n—«

Thus {x,} is a D* cauchy sequence in X and X is D* -
complete x, — x in X.
Now we shall prove that Tx = x

D*(TX, X, X) = lim D*(TX, Xn+1, Xn+1)
nN—oo

= lim D*(Tx, Tx,, TXy)

nN—oo

<a lim max {D*(x, Xn, Xn), D*(X, TX, TXp), D*(Xn, TXn, TXp)

n—oo
D*(X, Xn, TXn), D*(Xn, Xn, TXn)}
< a lim max {D*(X, Xn, Xn), D*(X, TX, Xn+1), D*(Xn, Xns1,

n—o0
Xn+1)1
D*(X! Xn Xn+1)1 D*(Xm Xn, Xn+1)}
— a {D*(x, Tx, X)}
< D*(Tx, X, X), Which is a contradiction. Thus x = Tx

Uniqueness:

Suppose x =y such that Ty =y

D*(x, y, y) = D*(Tx, Ty, Ty)

<a max {D*(x, y, y), D*(X, Tx, Ty), D*(y, Ty, Ty), D*(X, v,
Ty), D*(y, y, Ty)}

= a max {D*(x, ¥, y), D*(x, X, y), D*(y, y, ¥), D*(X, ¥, ¥),
D*(y, y, y)}

=aD*(x,y,y)

< D* (X, Y, Y), which in contradiction. Thus x =y
Therefore T has a unique fixed point.

Theorem 6

Let (X, D*) be a complete D* - metric space and T: X—X
be a map such that

D*(Tx, Ty, Tz) < a; D* (X, y, 2) + a, max {D*(x, Tx, Ty),
D*(y, Ty, Tz)} for all x, y, z, e X and 0 < a; + 2a, < 1.
Then T has a unique fixed point.

Proof

Let Xo € X be any arbitrary fixed element and define a
sequence element and define a sequence {x,} in X as
Xn1=Xpforn=0,1,2...
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For n > 0, we have.

D* (Xn, Xny Xn+1) = D*¥(TXn-1, TXn-1, TXp)
<a, D*(Xn_l, Xn-1, Xn) + a, max {D*(Xn_l, TXn_l, TXn_l),
D*(Xn-1, TXn-1, TXn)}
= a3 D*(Xn-1, Xn-1, Xn) @2 Mmax {D*(Xn.1, Xn, Xn), D*(Xn-1, Xn,
Xn+l)}
< a; D*(Xn1y Xna, Xn) + @2 {D*(Xn1, Xn1, Xn) + D*(Xn, Xn,
Xn+l)}
(1- az) D*(Xn, Xns Xn+1) < (@1 + A2) D*(Xn-1, Xn-1, Xne1)

a, +a,
D*(Xm Xn, Xn+l) < — D*(Xn-la Xn-1s Xn)

2

Thus D*(Xn, Xn, Xn+1) < @ D*(Xn.1, Xn-1, Xn), Where

a, +a
a:# <1
1-a,

< a" D*(Xg, Xo, X1)
—0asn— .
Now for m > n > 0 we have
D*(Xm Xm Xm) < D*(Xn, Xn, Xn+1) + D*(Xn+la Xn+la Xm)
m-1
< z D*(Xk, Xk, Xk+1) — 0a@sm, n — o
k=n
Thus {x,} is a Cauchy sequence in complete D* - metric
space.
Hence there exist a point x € X such that x, — xin X.

Now we shall prove that x is a fixed point of T.
D*(x, X, TX) = im D*(Xns1, Xns1, TX)
nN—o0

= lim D*(TXn, TXn, TX)

nN—oo

< lim {a; D*(Xn, Xn, X) + @ max {D*(Xn, TXn, TXn), D*(Xn,
n—oo

TXn, TX)}
< lim {a; D*(Xn, Xn, X) + @, Max {D*(Xn, Xn+1, Xns1), D*(Xn,
n—oo

Xn+1, TX)}
— a; (0) + a D*(x, x, Tx)as n — «

Thus, D*(x, X, Tx) < D*(X, X, Tx), which is contradiction.
Thus implies x = Tx.

Now we shall prove unigqueness. Suppose x = Yy such that
Ty=y
Then D*(x, y, y) = D*(Tx, Ty, Ty)

<a; D*(x,y,y) + a; max {D*(x, Tx, Ty), D*(y, Ty, Ty)}

= a; D*(x, y, y) + a;max {D*(x, x, y), D*(y, y, y)}

= (au+ @) D*(x,y,Y)

< D*(x, y, y), which is contradiction. There fore T has a
unique fixed point.

Remark 3

If we put a, = 0 and a; = a in the above theorem we get
the following Theorem as corollary.

Corollary 1

Let (X, D*) be a complete D* - metric space and T: X — X
be a map such that
D*(Tx, Ty, Tz) <aD*(x,y, z) forallx,y,z e Xand 0 < a <
1. Then T has a unique fixed point.

The aforeseen theorem is known as
contraction type theorem in D*- metric space.

Banach

Remark 4

If we put a; = 0 and a, = a in the previous theorem 6. We
get the following theorem as corollary 2.

Corollary 2

Let (X, D*) be a complete D* - metric space and T: X —»X
be a map such that

a
D*(Tx, Ty, Tz) < E max {D*(x, Tx, Ty), D*(y, Ty, Tz)} for

allx,y, z eXand

0<a< 1. ThenThasa unique fixed point.
2

Theorem 7

Let (X, D*) be a complete D* - metric space and T: X —
X. be a map such that

DX(Tx, Ty, Tz) < {al D¥(x, ¥, 2) +a; max {D*(x, Tx, Ty), D*(y, Ty, T2)}
+ag max {D*(x, y, Ty), D*(y, z, TZ)}}

forallx,y,ze Xand 0 <a; + 2a,+ 2a3;< 1. Then T has a
unique fixed point.

Proof

Let Xo € X be afixed arbitrary element.

Define a sequence {X,} in X as X,+.1= Tx,forn=0,1, 2. ..
Now for n > 0 we have

D*(Xnu Xn, Xn+1) = D*(Txn-ly TXn-1, Txn)

= J a1 D*(%o-1, Xa-1, Xn) + 82 MaX{D* (%1, TXn-1, TXa-1) , D*(X0-t, T, TXa)}
+ a3 Max {041, X1, Thn), Do, Yo, T} }
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={a1 D*(Xn-1, Xn-1, ¥n) + 82 Max {D*(Xn-1, Xn, Xn), D*(Xn-1, X, Xns1) Theorem 8

+ az max {D*(Xn-1, Xn-1, Xn), D*(Xn-1, Xn, Xn+
3 max{Pha, X1 ) (xnlxnx“)}} Let (X, D*) be a complete D* - metric space and T: X — X

S{al D*(Xn-1, Xn-1, Xn) + A2{ D*(Xn-1, Xn-1, Xn) + D*(Xn, Xn, Xn+1) } be a map such that

+3 {D" (X1, X, 20) + D0 Yo Y1) } D*(Tx, Ty, Tz) <a; D*(x, y, z) + a; max
(1- az- a3) D*(Xn, Xn, Xn+1) < (Q1+ A2+ a3) D*(Xn.1, Xn-1, Xn) fOr {[ D>*(x,Tx,Ty) + D> (y.Ty,TZ)} ,

alln>0. 2
a, +a,+a, [D*(X. Y, Ty) + D*(y, Z,TZ)}} for all x, y, z € X and
D*(Xn, Xn, Xn+1) < 1-a —a D*(Xn-1, Xn+1, Xn) 2
-a, -
2

D*(Xn X Xe1) < @ D* (Xess Xo1, X;) for all n > 0, where O0<a;+3=2 > < 1. Then T has a unique fixed point.

a +a, +a

=1 2 78 <1
l1-a,—a,

. Proof
<a D*(Xg, Xo, X1) > 0asn— o«

) . Let xo € X be any fixed arbitrary element.
Now we shall prove that {x,} is a D* - Cauchy sequence Define a sequence {X,} in X as Xn:1= TXa forn=0,1, 2 . .
in X.
Form >n >0, we have
D*(Xm Xns Xm) < D*(Xn: Xn, Xn+1) + D*(Xn+la Xn+1s Xm)
i D*(Xna Xn» Xn+1) = D*(Txn»ly TXn»ly TXn)

< z D*(Xk’ X Xk+l) —0as m, N — o < a D*(Xn-11 Xn-1» Xn) + ap

k=n
Thus {x,} is a Cauchy sequence in D* - complete metric max{{D*(Xn—l’TXn—l’TXn—l) + D*(Xn—llTXn—liTXn)}

For n >0, we have

space X. 2
Hence there is a point x in X such that x,, — x in X.

Now we shall prove that x is fixed point of T. D* Xy 1 Xo0s TXg) + DX (X0, %0, TX,) }
Now D*(x, X, TX) = im D*(Xn+1, Xns1, TX) 2
nN—oo
= 1im D*(TXp, TXp, TX) < & D*Xny,  Xe1,  Xn) v @ max |
n—e *(Xn l’X Xn)+ D*(Xn—lixnfxml)
< Lin;{ a1 D*(Xn, Xn, X) + @2 max {D*(¥n, Tx, TXa), D*(%n, TXn, TX)} 2 '
+ag max {D*(xn, X, Txn), D*(xn, X, TX)}} {D*(Xn 1 X010 %)+ D*(X, 1’Xn’Xn+1)}
— = }
2
=i D* , s + D* y» Xn+1, Xn+ ,D* » Xn+1, T
nm{al (X, %0, X) + @2 Max {D*(Xn, Xns1, Xne1), D* (%o, Xns1, TX)} < a; DX, Xnss Xa)
+ag max {D*(Xu, X, Xn+1), D*(Xn, X, TX)} + %
= a; (0) + a, D*(X, X, TX) + az D*(x, X, TX) D™ (X, 10 X5y X, ) + D* (X, X, X,0) + D* (X 1, X1, X))
< D*(x, x, Tx), which is contradiction. 2

Thus Tx = x.
Unigueness: D*(Xn, Xny Xn+1) < (a1 +a ) D*(Xn-1, Xn-1, Xn)
Suppose y # X such that Ty = y.
Now D*(x, y, y) = D*(Tx, Ty, Ty) a, +a,
s{al D*(x, ¥, ) + a2 max {D*(x, Tx, Ty), D*(y, Ty, Ty)} D (X X Xoea) < a, Dn1, Xn1, Xn)

l_ <
+az max {D*(x, y, Ty), D*(y, , Ty)}} 2
_ {3-1 DX ¥, ) + 8 max (00K . y), D, . ) + s max {0, v, ) < a D*(Xp-1, Xn-1, Xp) for all n > 0 and A +aa2 <1

2

D*(y,y, Y} T2

=a; D*(x, y, y) + @ D*(x, y, y) + as D*(x, y, y)

= (artaztas) D*(x, y, y)

< D*(x, Y, ¥), which is contradiction. :

Hence T has a unique fixed point. < a" D*(Xo, Xo, X1) >0 @s n — oc.
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Now we shall prove that {x,} is a cauchy sequence in X.
Form >n >0, we have

m-1
D*(Xn, Xny Xm) < z D*(X, Xk, Xks1) — 0 @s m, n — .
k=n
Thus {x,} is a D* - Cauchy sequence in X.
Since X is complete D*- metric space and X, — X in X.
Now we prove that x = Tx suppose X = TX.

D*(x, X, TX) = liM D*(Xps1, X1, TX) < lim {a; D*(Xn, Xn,
n—o0 N—o0

X) + a?z max {D*(Xn, TXn, TXn) + D*(Xn, TXn, TX)},
{D*(Xn, Xn, TXn) + D*(Xn, X, TX)}}

. a
= lim{a; D*(xn, Xn, X) + ?2 max {D*(Xn, Xne1, Xne1) +

nN—oo

D*(Xm Xn+1, TX)}!
{D*(Xn, Xn, Xn+1) + D*(Xn, X, TX)}}

a
=a; (0) + 72 max {D*(X, X, Tx), {D*(x, x, TX)}
< D*(X, X, Tx), which is contradiction. Thus Tx = x.
Uniqueness:

Suppose y # x such that Ty = y.
Now D*(x, y, y) = D*(Tx, Ty, Ty)

S{al D*(x, Yy, y) + %Zmax {D*(x, Tx, Ty)+ D*(y, Ty, Ty)},
(D, ¥, Ty) + DXy, v, TV}

a
= a; D¥(X, y, y) + 72 max {{D*(x, X, y) +D*(y, v, Y)},
{D*(x, y,y) + D*(y, ¥, Y)}

S{al D*(X, Y y) + %D*(Xl Y, y)
= (gt %2) D¥(x, Y, y)}

< D*(x, y, y), which is contradiction.
Hence T has a unique fixed point.
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