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In this article we apply the first integral method to construct the exact solutions of some nonlinear
fractional partial differential equations (PDES) in the sense of modified Riemann—Liouville derivatives,
namely the nonlinear fractional Zoomeron equation and the nonlinear fractional Klein- Gordon-
Zakharov system of equations. Based on a nonlinear fractional complex transformation, these two
nonlinear fractional equations can be turned into nonlinear ordinary differential equations (ODE) of
integer order. This method has more advantages: it is direct and concise.
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INTRODUCTION

Fractional differential equations have been the focus of
many studies due to there frequent appearance in
various applications in physics, biology, engineering,
signal processing, systems identification, control theory,
finance and fractional dynamics (Miller and Ross, 1993;
Kilbas et al., 2006; Podlubny, 1999). Recently, a large
amount of literature has been provided to construct the
solutions of fractional ordinary differential equations,

integral equations and fractional partial differential
equations of physical interest. Several powerful methods
have been proposed to obtain approximate and exact
solutions of fractional differential equations, such as the
Adomian decomposition method (El-Sayed et al., 2009;
Safari et al., 2009), the variational iteration method (Inc,
2008; Wu and Lee, 2010; Fouladi et al., 2010), the
homotopy analysis method (Song and Zhang, 2009;
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Abbasbanby and Shirzadi, 2010; Barania et al.,
Rashidi et al.,

2010;
2009), the homotopy perturbation method
(Ganji et al.,, 2010; Gepreel, 2011; Gupta and Singh,
2011), the Lagrange characteristic method (Jumarie,
2006a), the fractional sub-equation method (Zhang and
Zhang, 2001), the local fractional variation iteration
method (Yang and Baleanu, 2013; Liu et al., 2013; Wang
et al., 2014; Zhao et al., 2014; Baleanu et al., 2014; He,
2012; Yang et al., 2013; Yang et al., 2013) and so on.

Jumarie (2006b) proposed a modified Riemann-
Liouville derivative. With this kind of fractional derivative
and some useful formulas, we can convert fractional
differential equations into integer-order differential
equations by using variable transformations. The first
integral method (Feng and Roger, 2007; Feng, 2008;
Raslan, 2008; Lu et al., 2010; Taghizadeh et al., 2011)
can be used to construct the exact solutions for some
time fractional differential equations.

The objective of this paper is to investigate the
applicability and effectiveness of the first integral method
on fractional nonlinear partial differential equations,
namely the nonlinear fractional Zoomeron equation and
the nonlinear fractional Klein- Gordon- Zakharov system
of equations.

The modified Riemann-Liouville derivative and first
integral method

Here, we first give some definitions and properties of the
modified Riemann-Liouville derivative which are used
further in this paper. Assume that
f :R >R, x —>f (y) denote a continuous (but not
necessarily differentiable) function. The Jumarie’'s
modified Riemann-Liouville derivative of order « is
defined by the following expression:

1 a-1
e )j( —&)“If ()~ (OHE, a<0,

Df (x)=

r- )dx-[( & (&) -f (¢, 0<a<l

100"

,h<a<n+ln>1

(1)
Some properties of the fractional modified Riemann-

Liouville derivative were summarized and three useful
formulas of them are:

ayr __LA+7)

X7 ¥>0, 2
rd+y-a) 4

D[f ()9 (x)]=f (x)Dg(x)+g(x)DSF (x). (3

DY [f (g(x)]=f, (g (x)Dsg(x)=Dgf (g(x )9 ()1 (4)
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which are  consequences of the

dx (t) =L+ a)dx t) .

equation

Next, let us consider the following time fractional
differential equation with independent variables

X =(X;,X,,...,X,,,t) and a dependent variable u:
F(, Dfu,u, ,u, ,u, ,Du,u,, U, ,..)=0. (5)

XgXg 7T XoXp !

Using the fractional complex transformation

0=U(E), E=xrkx,rork x - (6)

U(X XX g0y X
T(l+a)
where K,,C are constants to be determined later; the

fractional Equation (5) is reduced to the nonlinear ODE of
integer orders:

H@u,u,u"..)=0, (7
, du , du
where U =—, =
dg dg
We assume that Equation (7) has a solution in the form
u(§)=X(%). ®)

and introduce a new independent variable
Y (&)=X'(£) which leads to a new system of
equations

X (&)=Y (S),
Y (8) =G (X ()Y (5)).

Now, let us recall the first integral method. By using the
division theorem for two variables in the complex domain
C[X,Y] which is based on the Hilbert-Nullstellensatz
Theorem (Bourbak, 1972), we can obtain one first
integral to Equation (9) which can reduce Equation (7) to
a first- order integrable ordinary differential equation. An
exact solution to Equation (5) is obtained by solving this
equation directly.

©)

Division theorem

Suppose that P(x,y)and Q(X,Y) are polynomials in
C[X,Y] and P(x,y) is irreducible in C[X,Y]. IF
Q(x,y) vanishes at all zero points of P(X,y) , then
there exists a polynomial H (X,y) in C[X,Y] such that
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Q(x,y)=PX,y)H(x,y). (10)

Applications

Here, we present two examples to illustrate the
applicability of the first integral method to solve nonlinear
fractional partial differential equations.

Example 1. The nonlinear fractional Zoomeron

equation

This equation is well- known (Alquran and Al-Khaled,
2012; Abazar, 2011) and can be written in the form:

2a uXy uxy ar .2
Dy 1-[-%], +2D/[u’], =0, 0<a<1. (11)
u u
For our purpose, we introduce the following
transformations
ux,y,t)=u(é), £=4x +cy S (12)
e ’ rl+a)’

where /,C,w are constants. Substituting Equation (12)
into (11), we have the ODE:

u

u” n u" n .
‘c o’ (—j —c/? (—j ~2loU®)"=0 (13)
u
Integrating Equation (13) twice with respect to &, we get

c(0® =" —20au®—ru =0 (14)

where r is a non zero constant of integration, while the
second constant of integration is vanishing.

On using Equations (8) and (9), then Equation (14) is
equivalent to the two dimensional autonomous system:

X&)=Y (&) (15)

X (&) +20wX 3(&)
re(w® —1%)

Y (&)=

: (16)

where X (&) =u($).

According to the first integral method, we suppose that
X (&) and Y (&) are nontrivial solutions of Equations
(15) and (16) and Q(X Y )is an irreducible polynomial
in the complex domain C[X.Y] such that

QXY )= (X ) '(&)=0 an

where a (X ), (i =1,2,..m) are polynomials in X and
a,. (X' )=0. Due to the Division theorem, there exists a

polynomial [g (X)+h(X ) (f)] in the complex
domain C[X,Y] such that

dQ a4Q dX  &Q dY ul . (18)
E767E+67E7[g(x)+h(xy (f)];ai X)) (&)

Let us now consider two cases.

Casel
If m=1.

Substituting Equations (15) and (16) into Equation (18)
and equating the coefficients of Y '(&),(i =0,1,2) on
both sides of Equation (18), we have respectively

X (&) + 200X (&)

9 (X)a,(X ) =a,(X)I[ @ @
—dag)((x ) _g(X)a(X)+h(a,(X). (20
da,(X) _

B —ha ) (21)

Since a4 (X ), (i = 0,1) are polynomials, then from
Equation (21) we deduce that @,(X ) is a constant and
h(X)=0. For a(X)=1
Balancing the degrees of g(X ) and a,(X) we

conclude that deg(g(x ))=1. Suppose that
g(X)=AX +B,_, thenwe find

simplicity we take

a, (X )=%Alx 24B,X +A, (22)

where A,B_,A are constants to be determined.
Substituting a, (X ),a,(X ),g (X ) into Equation (19)
we get

rX (&) +2wfX 3(5)] -0

N
[AX () +Bol[5AX () +BoX () + Aol -[ (@ — 1) (23)



Setting the coefficients of powers of X (§) to zero, we
obtain the following system of algebraic equations:

r 3 4o
AB,=0,AA,+B=———— “AB,=0,A’=————

0=0 1" %0 0 [C(wZ_EZ) 2 1-0 1 C((()z—gz)(24)
On solving these algebraic equations, we have the
results

J’_
A=+ B =0 A= il (25)

c(o®-1?) 20\ax (0 —17)

From Equations (17), (22) and (25) we conclude that

tr @
+

XZ
20\Jac(w? - 17) \c(@® =) ©

Y (&) =-a(X)=

(26)

and consequently we obtain the equation

*r + 0] X 2
20Juc(@ —17) \c(@—1) © )

Equation (27) is just the well-known Riccati equation.
With reference to the article (Ma and Fuchssteiner, 1996)
the authors proved that the Riccati

X'(¢) =

. r_ 2
equationV "= o, +aV +o ) “ where o,,0,,0,are

constants such that o, # O has the following solutions:

() If A= —4o,o, >0, then
+Etanh(£§—%)] if £,>0
2 2 28)
V(- +JZam«%§a—ﬂﬂ§%b] it £,<0
+edA] if g,=0
(i) If A=0o —4dayo, <0, then
AR &)l
V(&)= \/_
_[(x‘l +N-Acot(——E&+&)]
(iii) If A =0 —4o,0, =0, then
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—Q 1
V(€)== (30)
20, a,6+&

where &, is an arbitrary constant and € = 1.

With the aid of Equations (28) - (30) the solutions of
Equation (11) have the forms:

r <O,L<0

@) If Kc(wz_gz) lw , we get

_glné0 .
\}25 [\jzzc( ) ¢ I >0
0,(8) = 4/ sz s ¢ gmgéh it & <0
U3(§)* +2Q}2£ if é:o (31)

— L 50 L>o0
iy if (@ =0%) " Lo

, we get

;
u,()= = %_wtan[\/ﬁ E+&]

r r
Us(e) = i\/2&0 COt[\/ZKC(wZ—EZ) &+l (32)
ﬁ>0, r=0
(iiy 1 € (@ =17) we get
U6(§)= =
i
c@f—ﬁ)§ %, (33)

where é is given by Equation (12).
As a result, we find the periodic and solitary solutions of
Equation (11) are new and when o =1 they are also

different from the solutions found in (Alquran and Al-
Khaled, 2012; Abazar, 2011).

Case 2

If m=2.

In this case, Equations (17) and (18) respectively reduce
to
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QIX Q)Y (&)=a,(X)+a,(X ) (&) +a,(X ) *(&)=0 (34)

and

da,(X)  da,(X)y . da,(X), . X () + 200X *(8)
o O AN @ 20 OIS
=g () +h(X ) OaX +a,(X N (£)+a,(X ) ()] (35)

Equating the coefficient of powers of Y (&) on both sides
of Equation (35) we have

da2 (X ) _ 36
e =h(X )a,(X) (36)
) g a, (X ) +h (X Jay(x ) 37)

X (£)+200X (&), _ oy )a, (X )+h(X )a (X )

93(X) | 20, (x )1 2olX
dX lc(w” —107) (38)

rX (&) +2wfX 3(&)
[C(Cl)2 —62) (39)

g (X)a, (X ) =a,(X )l

Since a, (X ), (i =0,1,2) are polynomials, then from
Equation (36) we deduce that a,(X ) is constant and
h(X)=0. For simplicity we takea,(X )=1.
Balancing the degrees of g(X )and g (x) we
conclude that deg (g (X )) =1, and hence we get

g(X)=AX +B,, (40)
and 5 (x )=%A1X 24 B X +A, (41)

where A ,B,,A, are constants to be determined, such
that A, = 0. Now, Equation (38) becomes

da,(X) . -2r 2 3 2
X _[gc(a)z_éz)—i_AlAO—i_Bo]X (§)+2A1Box €3]
—4w 1 279y 3
+[-C(a)2—’52)+2A1]X (&) +AB, 42)
and
e 1 1 2 2 1 3
%(X)=[W+EA/‘\O+EB(,]X (§)+EAlBOX €3]
—@ 1 a4
+[W+EA1]X (&) +ABX (&) +d 3)

where d is the constant of integration.
Substituting Equations (40), (41) and (43) into Equation

(39) and equating the coefficients of powers of X (§)
we get

+4ow £r r
A=——=,B,=0, A= :4a££2(w2_[2)

Jac (@ - 2)' P (@ -

Consequently, we deduce that

2

r 0] r

W0 = O e O @) (4
and
a(X)=t—2@ _x2gs—_ "

ac (w® —1%) f\/m (45)

Substituting Equations (44), (45) into Equation (34) we
deduce after some reduction that

Y (@) =-Za(X) (45)
and hence
X (&) =+ [ T — ] 1)

20\Jax(@® —1?) e (w® —1?) )
which has the same form Equation (27) and gives the
same solutions (31) to (33). This shows that the two
cases m=1 and m=2 give the same solutions. Comparing
our results with the results ((Alguran and Al-Khaled,
2012; Abazar, 2011), it can be seen that our solutions are
new.

Example 2. The nonlinear fractional Klein-Gordon-
Zakharov equations

These equations are well- known (Thornhill and Haar,
1978; Dendy, 1990; Ebadi et al., 2010; Shang et al.,
2008) and can be written in the following system:

DU —u,, +u+Buv =0,
Dev v, =B, (uf) =0, 0<ax <1, (48)

with U (X ,t)is a complex function and Vv (X ,t) is a real

function, where 3, 5, are nonzero real parameters. This

system describes the interaction of the Langmuir wave
and the ion acoustic in a high frequency plasma. Using
the wave variable



u(x,t) = g(x ,t)exp{i (kx +“’t—a+§1)}, (49)

I'l+ea)

where ¢(X,t) is a real-valued function, Kk, are real

constants to be determined and & is an arbitrary

constant. Then the system (48) is carried to the following
PDE system:

D ¢~ +(k*—0" +1)¢+ v =0
oD Pk g, =0 (50)
Dttzav Vo _ﬁ2(¢2)xx =0

Setting

vx,t)=v (), @(x.t)=¢(5), S=ax+

51
I“(1+a)+§2 &0

where &, is an arbitrary constant, then we get

_ B’ (E)
V()= K2 —o?) +C, (52)
and
¢"(&)+0,9(8) +1,4°(£) =0 (53)
where Elz(kz—a)22+[)’;C +1), ,= azzﬂz'gzlz,Cisan
(k*-a) (k*-a’)

integration constant, and K # +@.

On using Equations (8) and (9), we deduce that Equation
(53) is equivalent to the two dimensional autonomous
system:

X&)=Y (&) (54)
Y (&) ==X (&) -1, X (&) (55)
where X (&) =¢(&).

Now we consider the two cases.

Case 1l
If m=1.

Substituting Equation (54) and (55) into Equation (18)
and equating the coefficients of Y '(&),(i =0,1,2) on
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both sides of Equation (18), we have respectively.

g (X)ay(X ) =a,(X)[-4X ()=, X *(&)]. (56)

daa_>(<><):g(X)a1(X)+h(X)ao(X), 57)
da (X) _
200 10,00 ©

Since & (X ), (i =0,1) are polynomials we deduce
that h(X)=0, a(X)=1and deg (g(X))=1.

Then we obtain

g(X)=AX +B,, (59)
1 2
8(X) =S AX " +BX +A, (60)

Substituting 8,(X ),8,(X ),g(X ) into Equation (56)

we get

[AX (D) + Bo][%AfX (E)+BoX () +A]+£,X (§)+(,X *(§) =0 (61)

Setting the coefficients of powers of X (&) to zero, we
obtain

AOBO =0, Ale + Bo2 :_61’ gAlBo =0, A12 =—2€2

On solving these algebraic equations, we have the
results

Now, we deduce that

0, 1
X (&) =t ——=2=F-{-2(,X *(&)
J=2t, 2 )

which represents the well- known Riccati equation. With
the help of Equations (28) to (30) the solutions of the
system (48) can be written in the forms:

(i) 1f 6,<0 4 12<0

rational solutions

we get the hyperbolic and



180 Int. J. Phys. Sci.

u (&) ==/, tanh(\/Z 5—%)exp(i &), it &>0
v, (&) = ﬁgl“’ tanh? (\/75 5'”5°)+c it £ >0
U,(&) =0T, coth(\/g e-SCsh e it <0
__ B e \/Z LG NP
Vo) = e O[5 £ i G .
us(f):i\/_gl/fz exp(i é:)a
_ 2
Vs(é):% +C,
2 (65)
e 150 ang ©2<0 e get
f—( .
u4(§):i\/_£1/£2 tan( — §+§0)9Xp(| f)
V(&)= (fg @ tan («/ £+&)+C,
& (66)
f—ﬁ .
u5(§):i\j—£1/£2 COt( — §+§o)eXp(| ét)
C()
Vi(8) = s oo g/ £+8)+C,
(67)
(iii) I 6,=0 and t, <0 we get the rational
solutions

Ug(¢) =——=—=—"—exp(i &)
[«/ “5+&]
s(f)—
—60)[«; §+§o]

Case 2

(68)

Ifm=2.

Substituting Equations (54) and (55) in to Equation (18)

and equating the coefficients of powers of Y (&) on both
sides of Equation (18), we get

da, (X )
=h(X)a,(X 69
X (X)a,(X) (69)
daé;x) h(X )&, (X ) +9 (X )a,(X ) (70
%ﬂaz(x J-6X —£,X 1= g (X )a,(X ) +h(X )ay(X ) -
g(X)ay(X)=a,(X )[-£,X —£,X°T 72)
Since &, (X ), (i =0,1,2) are polynomials, then from

Equation (69) we deduce that &,(X ) is a constant and
h(X)=0. For simplicty we take &a,(X)=1.
Balancing the degrees of g (X )and &(X) we
conclude that deg (g (X )) =1, and hence we get

g(X)=AX +B,, (73)
a, (X ):%Alx 21 B, X +A,. (74)

where A ,B_,A, are constants to be determined, such
that A, # 0. Now, Equation (71) reduces to

da&f(x ) _[20,+ A, +BZIX +§A130x 24120, +%Af]x 3

(75)
Integrating Equation (75) with respect to X (), we have

a,(X)=[¢, +1AA+ B]X2+;ABX +[ += Af]X4+d

(76)
where d is the constant of integration.

Substituting Equations (73), (74) and (76) into Equation
(72) and equating the coefficients of powers of X (&) we
get

-2 A
Aozifl T,AlziZ ZEZ,B —Od_—g
2 2

l,<0

where



Consequently, we deduce that

8 (X ) =30X 2(§) =3 £:X (&) - 2@ (7)
and
a,(X ) =+/27, X 2(5)%\/_:2

ts (78)

Substituting Equations (77) and (78) into Equation (34)
we deduce that

Y (O =-Za ()= 20X (&) )

Hence we conclude that

24 F2EX O 20X

X (@)%
. (80)

which represents the generalized Riccati equation. With
the help of Equations (28) and (30) the solutions of the
system (48) can be written in the forms:

it 159 ang

rational solutions

t, <0 we get the hyperbolic and
(@) =TT, e NZtanh(f Ty E-E0Sexplic), if &>0 gy

v7(§)—/(ﬂk221w st £ - EPLC, it &0

(&) =TT e NZeotn(( T, ¢~ S0 Depiio). it <0 (g2)

vs(f)_/(ﬁkzzlw )[1+c0th(\/_§ zInC ét0))]2+C if & <0

Ug(&) = J01/0, [ ex2]exp(i &),

(83)
v9<§)=ﬂ22—1“’[1+ eN2)F +C,
ok
Gyt 170 ana 2 <0

In this case we can show that X (&) is complex. Since

X () =0(E) , then ¢(&) is complex. This contradicts

(49) where ¢(§) should be real. Thus this case is
rejected.

iy f 170 £, <0

solutions

we get the rational
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+1 .
Uy () :_f—exp(l &)
[«/72 &+&]

V(8) = W o
- )[1’ I +égo
(84)

Comparing our results with the results in (Thornhill and
Haar, 1978; Dendy, 1990; Ebadi et al., 2010; Shang et
al., 2008) it can be seen that our results are new.

PHYSICAL EXPLANATIONS OF SOME OF OBTAINED
SOLUTIONS

Here, we will present some graphs of our results to
visualize the underlying mechanism of the original
equations. Using the mathematical software Maple 15,
we plot some of these obtained solutions which are
shown in Figures 1 and 2.

The nonlinear fractional Zoomeron

The obtained solutions incorporate three types of explicit
solutions namely, the hyperbolic, trigonometric and
rational function solutions. From these explicit results, it
easy to say that the solutions (31) are kink, singular and
rational solutions respectively. While the solutions (32)
are periodic solution and Equation (33) are the rational
solutions. For more convenience the graphical

representations of U, (x,t) and u,(X,t) of Equation (11)
are shown in Figure 1.

The nonlinear fractional Klein-Gordan-Zakharov

system of Equations (48)

The obtained solutions (63) are kink solutions, the
solutions (64) are the singular, the solution (65) are
rational. While the solutions (66) and (67) are periodic
and the solutions (68) are rational. The graphical
solutions (63) and (66) are shown in Figure 2.

CONCLUSIONS

The first integral method is applied successfully for
finding the exact solutions of the nonlinear fractional
Zoomeron equation and the nonlinear fractional Klein-
Gordon- Zakharov system of equations. The performance
of this method is reliable and effective and gives more
solutions. Thus, we deduce that the proposed method
can be extended to solve many systems of other areas
such that physics, biology and chemistry. With the aid of
the maple, we have assured the correctness of the
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Figure 1. The plot of the solutions ul(é) and u4(§) of the nonlinear fractional Zoomeron equation.

Figure 2. The plots of some of solutions of nonlinear fractional Klein-Gordon-Zakharov equations.



obtained solutions by putting them back to the original
equations.
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