International Journal of Physical Sciences Vol. 5(4), pp. 308-312, April 2010

Available online at http://www.academicjournals.org/IJPS
ISSN 1992 - 1950 © 2010 Academic Journals

Full Length Research Paper

Fuzzy semiprime ideals in I'-rings

Bayram Ali Ersoy

Yildiz Technical University, Department of Mathematics, Davutpasa Kampusu, Esenler,
Istanbul, Turkey. E-mail: ersoya@yildiz.edu.tr.

Accepted 15 January, 2010

In this paper, T. K. Dutta’'s and S. K. Sardar's semiprime ideal of I'-rings as a fuzzy semiprime ideal of a
I-rings via its operator rings was defined. Some characterizations of fuzzy semiprime ideal of I'-rings
was obtained. That is; a characterization prove of a fuzzy semiprime ideal, the relationship between

fuzzy semiprime ideal and fuzzy prime ideal was obtained. If [ is fuzzy semiprime ideal of a I'-ring M,

then ;,{+ is fuzzy semiprime ideal of L. Similarly, If ji is fuzzy semiprime ideal of a I'-ring L left operator

semi ring M, then py* is fuzzy semiprime ideal of M, I'-ring. Lastly, it was deduced that; if f: M — I is

an epimorphism of I-ring M, N and u is f invariant fuzzy semiprime ideal of N(M), then, f~* () ((F (1))

is fuzzy semiprime ideal of M(N) .
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INTRODUCTION

As it is well known Zadeh (1965), introduced the notion of
a fuzzy subset p of a nonempty set X as a function from

X to unit real interval I= [0, 1]. Fuzzy subgroup and its

important properties were defined and established by
Rosenfeld (1971). Then many authors have studied
about it. After this time it was necessary to define fuzzy
ideal of a ring. The notion of a fuzzy ideal of a ring was
introduced by Liu (1982). Malik, Mordeson and
Mukherjee have studied fuzzy ideals. The notion of fuzzy
ideal in I-ring was introduced by Jun and Lee [1992].
They studied some preliminary properties of fuzzy ideals
of I'-rings. Later Hong and Jun (1995) defined normalised
fuzzy ideal and fuzzy maximal ideal in I'-ring and studied
them. Dutta and Chanda (2005), studied the structures of
the set of fuzzy ideals of a I-ring with the help of fuzzy
ideals via operator rings of I-ring. Jun [1995] defined
fuzzy prime ideal of a I-ring and obtained a number of
characterisations for a fuzzy ideal to be a fuzzy prime
ideal.

In this paper, a characterization of a fuzzy semiprime
ideal was proved and the relationship between fuzzy
semiprime ideal and fuzzy prime ideal was obtained.

AMS subject classification: 16D25, 16P99, 03E72.

Let M be I'-ring and L be its right operator semi ring M. If
Lt is fuzzy semiprime ideal of a I'-ring M then p‘* is fuzzy

semiprime ideal of L. Similarly, let M be I'-ring and L be
its left operator semi ring M. If i is fuzzy semiprime ideal

of a I-ring L then w* is fuzzy semiprime ideal of M.
Lastly, it was obtain that; if f: M — N is an epimorphism
of M-ring M, N and u is f invariant fuzzy semiprime ideal
of N(M), then £~ () ((f (1)) is fuzzy semiprime ideal
of M(N).

PRELIMINARIES

Some basic definitions and theorems about gamma ring
as in the paper by Dutta and Chanda (2007) was given.
From definition by Barnes (1966), Let M and I be two
additive abelian groups. M is called a ' —ring, if there
exists a mapping f : M x [ x M =M, where f(a, a, b) is

denoted by aab, a, b £ M, & €T, satisfying the following

conditions for all a, b, ¢ € M and for all a, BE I'; (a + b)ac

= aac + bac, a(a+B)b = aab + afb, aa(b + ¢) = aab + aac,
and aa(bpc) = (aab)pc.
By Barnes (1966), a subset Aofal-ring M is called a



left (resp. right) ideal of M if A is an additive subgroup of
M and maa € A (resp. aom € A) for all mE M, a € T,
aEA. If Ais a left and a right ideal of M, then A is called a

two sided ideal of M or simply an ideal of M.

From definition by Coppage and Luh (1971), Let M be a
I-ring and F be the free abelian group generated by I' x
M Then A

=2 n, K EFiREM=2,n,{ ;x;,=0} is a
subgroup of F. Let R = F/A be the factor group of F by A.
Let us denote the coset (£, x) + A by [£, x]. It can be
verified that [a, x] + [B, x] = [_a+ B, x] and [a, X] + [a, y] =
[a, x + Y], for all a,BE I and x, y € M. Let a multiplication
in R be defined by
2ilax] Z;06;v;] = Zi[a,x:B;%;] then R forms a
ring. This ring R is called the right operator ring of the I'
ring M. Similarly, a left operator ring L of M can be

constructed. For the subsets N &M, = I, [O,N] is
denoted by the set of all finite sums X, [a;x;] in R
where a; € & and x; £ N, and denote [(®,N)] as the set
of all elements [, x] in R, where dE & and x EN.
Thus in particular, R = [,M] and L = [M, I']. If there exists
an element Y. [@;e,] € R such that X, xa,e,] =x for
every element x of M then it is called the right unity of M.
It can be verified that X.[a;,e;]is the unity of R.
Similarly, the left unity can be define as X:[e;,&;] which

is the unity of the left operator ring L.
By Jun and Lee (1992), a non-empty fuzzy subset p

(that is p(x) #= 0 for some x € M of a I ring M is called a
fuzzy left (right) ideal of M if:

(i) p(x —y) =min{u(x), p(y)},
(i) p(xay) _=u(y) (resp. p(xay) =u(x)) for all x,yEM and
forall @ € I

A non-empty fuzzy subset p of a I'-ring M is called a
fuzzy ideal if it is a fuzzy left ideal and a fuzzy right ideal
of M.

Let M be a I'-ring and R be the right operator ring and L
be the left operator ring of M, respectively.

By Dutta and Chanda (2005), for a fuzzy subset y of R,

a fuzzy subset p* of M was define by p*(a) = E;E":.p([Y,
a)), where a€ M. For a fuzzy subset o of M, a fuzzy
subset a® of R was

o* (Xi[a.a])= ::J;MJ[EE[maiai]
Y.[a,a] ER. For a fuzzy subset & of
subset 8 of Mwas define by 8% (a) = v 5([a,Y]),

define by

where

L, a fuzzy
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where a£ M. For a fuzzy subset n of M, a fuzzy subset
inf

L oalyfa.am
meEM T AT

n* of L was define by 77 (X.]a,a])=

~ 1 =7

where E: [G‘T,wu = i
From definition by Dutta and Chanda (2005), let p, o be

two fuzzy subsets of M. Then the sum
(W
sup .
@) = [ _ v+ p Iminfp(u), o(v)11 uveM|
’ D otherwisze.
and

(uan)(2) = {sup[miu[miu[p(ué),u @,
0 otherwise,

From definition by Jun (1995), let y, @ be two fuzzy

subsets of M. Then the product

pree of p and ais

1<i=n 1 —Ef W, v €My € I‘I

defined by (ulo)(x)

{x ilﬁrvmin [p(a), ()], foruvEMandyE F}

0 otherwise.

From definition by Barnes (1966), Let M be a I'-ring. A
proper ideal P of M is called prime, if for all pairs of ideals

Sand T of M, ST TS P implies that S P or T& P.

From definition by Kyuno (1982), If P is an ideal of a I'-
ring M, then the following conditions are equivalent:

(i) P is a prime ideal of M;
(i) If a, b € M and alMI'bE P then aEP or bEP.

However, from the above definition, Jun (1995) define
fuzzy prime ideal of gamma ring as the following
definition.

From definition by Kyuno (1982), a fuzzy ideal y of a
gamma ring R is said to be prime, if p is a nonconstant

function and for any two fuzzy ideals @ and & of R,
ol'd S p implies that either 0< por & S .

By Kumar (1993), let f be a mapping from a I'-ring M onto
a -ring N and y=FI(M). p is called f-invariant, if f(x) = f(y)
implies that p(x) = p(y), for all x, yEM.

By Barnes (1966), a function f: M—N, where M, N are -
rings is said to be a '-homomorphism if f(a + b) = f(a) +
f(b), f(aceh) = f(a)af(b), for all a, bEM, @ ET.

By Kumar (1993), a fuzzy subset p of a I'-ring M is called
a fuzzy point if p(x)€[0, 1] for some xEM and p(y) = 0 for

all yEM \ {x}. If u(x) = 3, then the fuzzy point p is denoted
by xg.

By Jun (1995), a non-constant fuzzy ideal py of a I'-ring
M is called a fuzzy prime ideal of M if for any fuzzy ideal

of 0,8 of M olB= p implies o'= p or BE L.
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FUZZY SEMIPRIME IDEAL OF GAMMA RING

Dutta and Chanda (2007) studied the fuzzy prime ideal of
Gamma ring. Similarly, definition of fuzzy semi prime
Ideal of gamma ring and its basic characterizations was
given.

From definition, a non constant fuzzy ideal p of a '-ring
M is called fuzzy semiprime ideal of M, if for any fuzzy
ideal of o of M ol'o’= p implies o'= .

Theorem 1

Let M be commutative I'-ring and y be fuzzy ideal of I'-
ring M. Then the following are equivalent:

i) xx, Sp=x,5%p Where
x, Is fuzzypoint of M.

ii) p is fuzzy semiprime ideal of I'-ring M

iii) coo= u implies that o= p.

Proof

i) = ii) Letolo= pand 0L w. Then 3x € M such that
o(x)= u(x). Let o(x) = a. By i) x, I'x, S pu= x, S p.
This shows that x,(x) € u(x) = a= o(x) < u(x).
This is a contradiction. ii) = iif) Trivial. iii) = i) Let
x xS p, where x, is fuzzypoint of M.
Assuming that =, = & is a fuzzy ideal of '-ring M such
that o(y) = 0 for all yeM \ {x} and o(x) = 5. coocS u

implies that
{sup[min[min[a(ui),a(i:i-)]]], 1<i<n, x =Xl uyv,u,v, € My, € FI

0 otherwise,

I

sup .
{x — uiyivimm [o(u;).o(v)]] for u,v, EMandy, € F}
0 otherwise.

Then it can be said that ooo= i

implies x_I'x_, S p.since 05 i, o can be obtain as

og=x, S u

Theorem 2
Let y be fuzzy semi prime ideal of I-ring M. Then For all

x € M, u(x%)=p(x).

Proof

For all x = ar, , u(x2)=r. Then

xTx, Su=>xo0x, Su =>x_Su px)=r. This
implies that .¢x3 = uix 2 = wix). This completes the
proof.

Theorem 3

For every fuzzy prime ideal p of l-ring, M is fuzzy
semiprime ideal of I'-ring M.

Proof

Let al'o’= p. Since p is fuzzy prime ideal of I'-ring M, then

o= .

Theorem 4

Let u; be fuzzy semiprime ideal of I'-ring M. Then M g, is
fuzzy semiprime ideal of I'-ring M.

Proof

Let o be fuzzy ideal of M such that ol'o'’= 11 [t;. Since k;
is fuzzy semiprime ideal of I'-ring M olT'c’= 1M p,.implies
that o= u;. Then o= A, =N @, Therefore M u; is
fuzzy semiprime ideal of '-ring M.

Theorem 5

Let P be a semiprime ideal of a I'-ring M and o#1 an
arbitrary of L. Then p is fuzzy semiprime ideal of I-ring M

where u— {1 x € P

H {a: x & P}

Proof

For all a, b € M if u@nu(b) =a then

ula —b) = pla)mpu(b). For al abeMif
p@an u(b) =1 then u(a) = u(b) = 1 . This implies
that a,b € u,. Since p4 is an ideal of I-ring M then
a—b € p,. Therefore, 1 = u{a—b) = pu(a) A p(b).
Similarly, p(xay) _=p(y) (resp. p(xay) =up(x)) for all
X,YEM and for all @ € I'. Let cfo= p and ¢Z u. Then
dx € M such that o (x) = w(x). This implies p(x)=a.

Since P is semiprime ideal, xI'x’= P. Then p(x'x)=a. So,
olo(xl'x) =o(x)>p(x)=p(xx). This is a contradiction.
Therefore p is fuzzy semiprime ideal of I'-ring M.



Theorem 6

Let M be I'-ring and L be its right operator semiring M. If
L is fuzzy semiprime ideal of a I'-ring M then p',+
semiprime ideal of L.

is fuzzy

Proof

Let & be fuzzy semiprime ideal of L such that ololp.
Then for all a;im € M and «; E r

1

n'J"n'I‘IM J"'H_Jr"'l’lﬂ-f J"I\—)n'fn'l‘/) Ir.r nLIWFJ:Tf/ In SO |1

= glo(a,am) < ‘u[airxim]

= o(a;a;m) < p(a;a;m)

= (X, a,e.m) S inf u(X; a, a.m)

= o(X,aam) < u’ (T, a,am)

= o([M,I]) € u™ ([M,I']). So i is fuzzy semiprime
ideal of L.

Theorem 7

Let M be I'-ring and L be its left operator semiring M. If it

is fuzzy semiprime ideal of a I'-ring L then u*
semiprime ideal of M.

is fuzzy

Proof

o is fuzzy semiprime ideal of L such that cl'o'= y. Then
foralla;m € M and a; € I'
oo ([r,M]) S @ ([ M]) = oTo() [=ua) Su' () [woal)

a;) € p(ma;a;)

= g(ma;a;) € p(ma,a;)

= og(X, ma.a,) S infu(X, ma.a,)

= o(X; ma;a;) g ut (X maga;) _

= g([I',M]) € u* ([I',M]). So u* is fuzzy semiprime
ideal of L.

= gl'o (ma;

Lemma

According to Kumar (1991), If f is a homomorphism from

aring Mto N, then

(@) f(1)S f(ou), where o and p are fuzzy ideals of M.

Ersoy 311

F (o), where o and p are fuzzy

i) f7Ho) f T HmE

ideals of N.

If f+ M = N is an homomorphism of I'-ring M, N, then

o)'f(u)S f(ol'), where o and p are fuzzy ideals
of M.
i) f o) 'f " H(w)S f (ol k), where o and  are fuzzy
|deals of N.
Proof

) Letrm EN, t; = f(0)
n can not

Tf(w)(n) and t; = f(olw)(n). If

be expressed as n =mn;amn, where

14,1, € N then by definition t; = 0 = t,. If n can be
written as 1 = nyan, where ny,n, € N and t; = 0 is
given

o) ()(n)

~ sup [min (£(0) () f (1) (n2)+

v

n— nyan,, 3n,n, ENa€l }

sup{min. (sup(c)(my), sup (1) (my): n= myany, 3Im. € F 7 (ny)my € f ()0 T )

Thus there exists 14,7, EN such that
t; —ty < min{(c)(my), (W) (mz)}  Imy € FHny)m, € f () €T
< (oTp)(myam,)

< sup (oTu)(m) where

My O, = M, f[mlrxmzj =My an, =n
=f(ol'u)(n)= t,. This follows that f(o)I"f ()& f(ol'w).
ii) S|m|IarIy, it be can shown that
FHo)rfH(we f (ol w).

Theorem 8

fiM — N is an homomorphism of -ring M, N. If uiis f
invariant fuzzy semiprime ideal of M then If f{) is fuzzy
semiprime ideal of N.

Proof

If iis f invariant fuzzy ideal of M then f(u) is fuzzy
ideal of N. For al nbeNand ael, o
0)I"f(0o)(nab))< £ ((olo)(nab))

= sup{o(m) A e(a): flmea) =nob, Im.acsM acl

C sup{u(m) Au(a): flmea) =nob, 3Ima e M,ael ]
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€ f(uln = f(m))) = suplu(m):  f(m) =n}.
Since w is f invariant fuzzy semiprime ideal of M then

supfalm: Flml=n, AmcE M 1C cunliulm). Film) =nl
e T =F _ T = == 4 =T AN T L S Td

This completes the proof.

Theorem 9

This is an epimorphism of M-ring M, N. If w is f invariant
fuzzy semiprime ideal of N then, f~'(w) is fuzzy
semiprime ideal of M.

Proof

Since f: M — N is an epimorphism of I-ring M, N and If
u is f invariant fuzzy ideal of N then If f~1{u) is fuzzy

ideal of M.
Let f (o)l F1(o)(maa) S f~ () (maa). Then
for all m,a€ M and o T,

fHIT F o) (maa) © 7 (oT'0)(maa)
= ol'o(f(maa)) € u(f(maa))
= oTo(f (m)af(a))) € u(f(m)af(a)))
= sup (o(f(m) A f(a)) € sup (u(f(m) A f(a))
= () € F ().

Therefore £~ () is fuzzy semiprime ideal of M.

Conclusion

The fuzzy semiprime ideal of Gamma ring was defined
and the basic theorems in fuzzy algebra were improved
upon. Currently, works on the construction of a fuzzy
topology at fuzzy semiprime ideals is being carried out.
The purpose of this construction is that it will open up
new directions for further studies.
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