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The Merrifield-Simmons index is one of the most popular topological indices in chemistry and in
mathematical properties; there is a correlation between this index and boiling points. The Merrifield-
Simmons index of a graph is defined as the total number of its independent sets, including the empty
set. This paper proposed an edge grafting theorem operation, which is certain kind of edge moving
between two vertices distancing one from the unique cycle. Firstly, we define a new graph which is said
to be a cycle-r-regular unicycle graph where each vertex in the unique cycle is with degree r. Then we
show how the graph of Merrifield-Simmons index changes under the edge grafting operation on the
cycle-3-regular unicycle graphs. Finally, we give some applications of these results on ordering the
graph of Merrifield-Simmons index among cycle-3-regular unicycle graph. We find that the first three

largest values of Merrifield-Simmons index in these graph are2” +2 +8, 2-2" -3 and 3-2" +38,

respectively.

Key words: Independent-vertex set, Merrifield-Simmons index, cycle-3-regular unicyclic graph, external

graphs.

INTRODUCTION

For any given graph G, the Merrifield-Simmons index
denoted by o(G), is defined as the total number of

independent-vertex subsets, including the empty set. The
Merrifield-Simmons index was introduced (Prodinger and
Tichy, 1982), although it is called Fibonacci number of a
graph.

The Merrifield-Simmons index is one of the most
popular topological indices in chemistry and its
mathematical properties were studied in detail (Prodinger
and Tichy, 1982; Xueliang et al., 2005; Pedersen and
Vestergard, 2005; Hanyuan et al., 2008; Maolin and
Hongbo, 2008a; Hongzhuan and Hongbo, 2006) whereas
itsapplicabilityforquantitative structure-activity relationship
(QSAR) and quantitative structure-property relationship
(QSPR) was examined to a much lesser extent. For
further details on chemical structure (Danesh et al., 2010).
Merrifield and Simmons showed the correlation between
this index and boiling points (Merrifield and Simmons,
1989). Till now, there have been many papers dealing
with Merrifield-Simmons index. Prodinger and Tichy
(1982) showed that among all n-vertex trees, the star has

the maximal Merrifield-Simmons index, while the path
has the minimal Merrifield-Simmons index. Alameddine
(1998) obtained bounds for the Merrifield-Simmons index
of a maximal outerplannar graph. The authors studied the
Merrifield-Simmons index of hexagonal chains and
catacondensed systems (Gutman, 1993; Lianzhu, 1998),
respectively. Xueliang et al. (2005) characterized the tree
with the maximal Merrifield-Simmons index among the
trees with a given diameter. Pedersen and Vestergard
(2005) studied the Merrifield-Simmons index of the
unicycle graphs. Hanyuan et al., (2008) studied the upper
bound for the Merrifield-Simmons index in (n,n+1)-

graphs (Hanyuan et al., 2008). Maolin and Hongbo
(2008a) determined unique trees with the first and
second largest Merrifield-Simmons index, respectively.
Hongzhuan and Hongbo (2006) determined the unicycle
graphs with the largest and smallest Merrifield-Simmons
index. There have been many literatures studying the
Merrifield-Simmons index. For further details (Gutman,
1990; Gutman and Kolakovic, 1990; Gutman, 1992).

In order to state and prove our main results, we need
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Figure 1. The graph p42 obtained by attaching one

pendant edge to each of the vertices of f: respectively
except one pendent vertex.

some further notations.

Let G =(V(G),E(G)) be a graph with vertex set V(G)
and edge set E(G). For any ve V(G), we denote the
neighborhood of v as N(v). Let [vl]=v UN(v). We use
G —v to denote the graph obtained from G by deleting
the vertex v and all edges incident with v. Let U,
denote the set of connected unicycle graphs of order n.

Let Us)={GeU,|dx)=r xev(c)}, where r>2,

and ; is the unique cycle in G . Any graph in U, is said
to be a cycle-r-regular unicyclic graph. Let G be a
connected unicyclic graph and C be the unique cycle of
length I (3<I<n) init. If n>1+1,then G has at least a
vertex with degree one, which is also named a pendent
vertex. Let B, be the path on n vertices and its vertices

be ordered successively as x;,x5,-,x,. By P,f we

denote the graph obtained from F, by attaching exactly
one pendent edge to each of the Vvertices
respectively. Here, p!

X X1 Xy B =p and

p21 - p, - Let the vertices of ¢, be ordered successively

as y,.y,. .y, - Denote by ¢! 1), 1) the graph
obtained from ¢, by attaching exactly /. pendent edges
to the vertex Y for i=12-..1, where ;20 and

1
iy Here C]](O,O,"',O):C]' Let CZI (1,1, ,1)°°Sn72]+1

l
El tp=n
be the graph obtained by identifying the center of the star

I
S _niel and one pendent vertex of Coy (L1, 1) Let

Cél(l,l,m Deo(S, .S, 5;,1_) 0€ the graph obtained

by fusing the centers of two stars s, , s .., , With

two different pendent vertices of the graph Céz (1,1, 1)
respectively. For example, we illustrated p42 in Figure 1,
Cg (1,1,1,1)8 7 cé’ (1,1,1)eS s in Figure 2 and
Co(1.1.1)eo(S, _.54) inFigure 3, respectively.

Let T, be a tree obtained from a star 5, _; by

1ot g

attaching paths of orders n,, to k¥ pendent

Ny e ny

vertices of Sk41- Let F, denote the nth Fibonacci

number, then we have Fo+F, 4 =F_ with initial
conditions H=F =1

All graphs considered here are both finite and simple.
Other notations and terminology not defined here can be
seen in Hongbo (2008).

In this paper, we investigate the Merrifield-Simmons

: . 3 . 3
index for graphs in U, , and characterized the U, with

the first, second and third maximal Merrifield-Simmons
indices.

SOME LEMMAS
The following Lemma 1 to 5 can be found in Maolin and

Hongbo (2008a), Hongzhuan and Hongbo (2006) and
Hongbo (2008).

Lemma 1

Let G be a graph with m components G;,G,, .G

m-

Then §(G) =I1}%; 6(G;).

Lemma 2

For any graph G with any ve V(G), we have
I(G)=0(G-v)+(G-[v].

Lemma 3

For any graph G, if xand y are adjacent in G, then
6(G)=30(G—{x,y}) + (G —[y]) + (G —[x]).

Lemma 4

For any graph G, if x and y are not adjacentin G, then



(a)

4
Cg (1.1,1,1)=S8, _
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(b)

3

Figure 2. The graph obtained by identifying the center of star S"_7 (resp. S"_S ) with one

pendent vertex of C: (1,1,1,1) (resp. C: (L1, 1)).

3
Co (L1 1eo(S,_7.53)

Figure 3. The graph obtained by fusing the center of two

stars SS, S"_7 with two different pendent vertices

C (L,1,1).

A6 =8G—{x, y) +AG—xUlyD) +HG—y Ul +AG—{x1ULy]).

Lemma5

Let Tbe atree, then F, , < 6(T) < 2"_1 +1 and
S(T)=F,,, ffand only if T = P, and 6(7) = 2" +1

ifandonlyif 7 =S, .

Remark 1

As in many previous works, people discuss the properties
of the Merrifield-Simmons index for molecular graphs
representing hydrocarbons with emphasis on molecular
trees, unicycle graphs and bicycle graphs. In this work,
we consider a new graph cycle-3-regular unicycle graph.

THE MAXIMAL VALUE OF MERRIFIELD-SIMMONS
INDEX IN Uﬁ

In this section, we study how Merrifield-Simmons index
changes under certain graph operations (in Lemma 6 and
Lemma 7) on cycle-3-regular graphs. This result will be
used throughout the paper.

Lemma 6

Suppose s > 1 is an integer, let u be a pedant vertex of

a connected graph G, with at least two vertices. Let G
be the graph obtained by identifying u and a pendent

vertex of a star § Let G’ be the graph obtained by

s+27

identifying # and the center of a star § Then

0(G’) > 6(G).

s+27

Proof

By Lemma 2, we have:
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u;

W1 u

s+t

s+t

Wi

3

Q

<
H_J H_J

W
G "

Figure 4. Operation that increases the Merrifield-Simmons index of cycle-3-regular

graphs.

8G) = 8G-u)+ SG—[u) =2 +DEGy)+2 &Gy ~w.

1
While, &G =8G —u)+ (G —[u)) =2SJr 5(G0)+5(G0 —W).
Where w be the neighborhood of u in G;. Hence,

5(G)-8G) =2 - DIS(Gy) — 6(Gy —w)l > 0. Therefore,
0(G") > 4(G).
This finished the proof of Lemma 6.

Lemma?7

Let u and v be pendent vertices of a connected graph

G with at least two vertices. Let U Uy, U be the

leaves adjacent to u in G, Let
leaves adjacent to v

Vi,Vy,e, v, be the
in G, We suppose that
G'=G—{uul,uuz,m,uus}+{vu1,vu2,--~,vus} and
G" =G —{w, vy, v )+ {uvy,uvy oo uv, ). (Figure

4), then either 6(G") > §(G) or §(G”) > 5(G).

Proof

G =G—{u,v,uy,ur, U, Vy,Vry, -V, }.
It is easy to see that | (v, g, g vy, v, vy}

Because u,v are not adjacent in G,G"and G” by the

definition of Merrifield-Simmons index and by Lemma 4,
we have:

86 =8G—{ 1) + 8 G-I + 3G + 3Gl )
=™ 651G +2" 8G ~wy)+2 8G, — ) +8G, — (i w5 )
and

&G)=8G —{uv) + &G —ulU) + &G —vU[u) +&G —[u] U]

=2 8G)+8G —wp)+2 " GG —m) +8G ~{j,ws )

respectively, where w;,w, denote the neighborhood of

uand v in Gy, For the difference contributions for 5(G)
and 5(G), we get

s t
A =8G)-8G) =2 -2 &G W) -8G —w)]
Similarly, there is
8(G) =G —(uv}) + &G —uUW) + &G —vU[u) + &G ~[u] U]
sH sH
=2 HG)+2  HG —wy)+HG —w)+ G —{w,m))

For the difference contributions for §(G) and 6(G”), we
get



Ay = 8(G) - 8G) = (2 -~ 1[2° 8(G) - wy) - 5(Gy - wpl.

If5(G) < (G), that is, A <O, then

8(Gy —wy) 2 2 5(Gy - wy). There is
r s t st
A =2 -2 dG-w)-8G-WIZ2 -2 —DAG—w) >0

This finishes the proof of Lemma 7.

It follows that the value of Merrifield-Simmons index is
strictly increasing by this operation. This in turn provides
a way of comparing the Merrifield-Simmons index.

By the proof of Lemmas 6 and 7, we can verify that the
external graph with maximal Merrifield-Simmons index
must be the graph such that all the pendent edges not on
the cycle are attached to the same vertex out of the
cycle. Therefore, we obtain the following Lemma 8.

Remark 2

The edge grafting operations on the graphs were often
considered and used in the study of the invarant
structure, for example, Kexiang and Kinkar (2011)
characterized the extremal graphs with the lower or upper
bounds on the Harary index. Hongbo and Shenggui
(2011) characterized the graphs with the maximum and
minimum Merrifield-Simmons index, respectively among
the graphs given cut vertices. This paper also uses this
transformation to obtain optimal solution for comparison
of the Merrifield-Simmons index in cycle-3-regular graph.
Other methods used in studying the chemical structure
can be seen in Mollaamin et al. (2011) and Zhang et al.
(2011).

Lemma 8

l

with the equality if and only if

l

Lemma 9

Let / 25 and n > 2[ be integer, then
/ -
KOy (L1 D, o71) <XCygpy (LL -3 Do, o7,3).

Proof

By Lemma 1 and by the definition of Merrifield-Simmons
index, we have

Wang 245

)= 2n—21

/ ! 1
KCy(LL-+3 Do, oy G OL--D+&h ) (1)

H 22+ . H 1
Syl o, =2 Ay QL) +aEy)  (2)

In the following, we first simplify the first part of Equations
1 and 2. Let

l -1
FO =C21(0,1,---,1), Fl :C2(l—1)(0’1’m’1)'

At the same time, let u,u’ e C; and d(u) = du’) =2. By
Lemma 2, we have

l 1 1
KCyy (O1++1) = &Ey) = Sy —u) + Sy ~[u) = KB_y) +48F_3)

and

H , , 1 1
KCypyOL+51) = &XB) =8 —)+ Sy ~[u) =8 ) +4KH 4)

respectively.
It can be easily seen that

1 1 1
Moreover, we have the following
1 1 1
48(P_3) < 6(P_1) < 46(P_5).

L 1 1 1
Similarly, we have 45(p_5) < S(P_3) < 48(P_y).

Hence,

@-0)
21 1 1 1 1 1 1
=2 [4S(By) — 8By ) + HAS(B_y) — 8(B_3) ~[8(Fy) 5]

21 1 1 1 1 1 1
= 2" 28(B_3) + 48(B_y) +168(B_y) ~45(B_3)] ~[8(A_y) ~ 5(B_y )]

-21 1 1 1 1
=" [206(F)_y) —26(H_3)—[6(H_y) = 8(H_H)]

21 1 1 1 1
= 2" 165(5_y) ~ 45(F_)| - [8(F_y) — 5(B_y )]

n-21 | 1 |
>2 " 148(B_y) ~ (46(B_3) +28(F_y))

21 | |
> 148(B_y) ~185(F_y)

211 | |
=27 88(B_y) ~188(P_y)

n-21-1 1
>(2 ~1)-188(B_y) >0.
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Figure 5. The graphs in Theorem 11.

Therefore,

! I-1
S(Cop (L1 eoS)y 5141) < 0(Co(pgy (Ll DSy p43).

For all I > 5. This completes the proof.

Next, we will give applications of the above results
(about the effect of edge grafting operation) to the
comparison of the Merrifield-Simmons index of cycle-3-
regular unicycle graphs.

Theorem 10
Let G be a graph of order n>10 in Uz. Then

n—4

§(Gy< 2" 42" * 1§, with equality if and only if

3
G = Cq(l,1,1)eS, 5.

Proof

For I 25 and n > 2[, by direct verification and Lemma
9, it follows that the value of Merrifield-Simmons index in
cycle-3-regular graph is decreasing for / > 5 and n > 21.

any graph G in U3 there is

Therefore, for 0o

4
5(G) < 8(Cg (1,1,1,1)e08 7).

Finally we need to compare the Merrifield-Simmons
indices of cg(1,1,1,1)m5n_7 and c2(1,1,1)oo5n_5. Let

, 3
G = cg (1,1, ws, , and G' = Cg (1,1, )esS,,_s.

By direct calculation, we obtain
- -6
5(G):2"8~22+2" 23422 and
5(G) = 2" " s, respectively.

Since §(G’) - §(G) = 2”_7 -7 -14 > 0(n 2 10)., We

complete the proof.

THE SECOND MAXIMAL VALUE OF MERRIFIELD-
SIMMONS INDEX IN Uz

In this section, we characterize the cycle-3-regular graph
with the second maximal Merrifield-Simmons index. Let

3
T, = Cg (1,1, DT (1,1,--,2)  and

T, = cé’ (1.1, 1) (S, _¢.S,) (Figure 5).

Theorem 11

Let n=>10 be an

33
Ge{U, -Cg(l1 S, s} .Then

integer,
sG <28 223

with equality if and only if G = 7;,.

Proof
Suppose that G has the second maximal Merrifield-

. . . 3
Simmons index in U, . By Lemmas 6 and 7, we conclude

that G must be of the form 7; or 7, . In the following, we
will get the second maximal Merrifield-Simmons index in

3 . .
U,, . By direct calculations, we get:

S(Ty) = 8(Ty — {u.v)) + 8(Ty - [vD) + 8(Ty - [u])

3 8. 3 3
= §(C6 (LLDesS, 7)+2 §(C5 1,1,0) + §(C6 (L1, DesS,, 7)

3 8. 3
= 2§(C6 (L1, DesS, 7)+2 §(C5 1,1,0))

and

8) =8t )+ Ay U+~ )+ &5 1)



T3

Figure 6. The graphs in Theorem 12.

3 n8_ 3 3 8 _ 3
=0CLLDeS, )+2 AGALLO)+AGALLYS, 7)+2 AGLLO0)
respectively. Where uv be pendent edge of 7; and u”,v’

be different pendent vertices of 7, .
Hence,

3 8 3 3
8B) 88 =G L0885, +2 ACGLO0)-TG LIS, 7)

3 8. 3 3

=G LL0RS, ) +2 GCL00) G LLORS, 7)+5MLL - 13)]
78 _ 3 8.3 78

=2 "8G LOO)-ATLL:13=2 &G LAO)-[2 - &B)+dB)

=2'hg(2- &B)+ i &B)-AR) 72350 n=10).

This completes the proof of Theorem 11.

THE THIRD MAXIMAL VALUE OF MERRIFIELD-
SIMMONS INDEX IN Uz

In this section, we characterized the cycle-3-regular
graph with the third maximal Merrifield-Simmons index.

3
Let Ty = Cg (L1 D)eo(S, 7.5, 3)

1Ty = c2(1,1,1)m(s2,T(1,1,... 1,2)), (Figure 6)

Theorem 12

Among all graphs in Ufl with n=10, the graph
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i}n—g

Ty

Table 1. Some results on Hosoya index.

Hosoya index Largest Smallest
Trees of order n P S
Unicycle graphs of ordern  C S +e
Bicycle graphs of ordern  H  or K2 , F,

Table 2. Some results on Merrifield-Simmons index.

Merrifield-Simmons Largest Smallest

Trees of order n S P

n n

Unicycle graphs of ordern S +e or C, C,

Bicycle graphs of ordern H  or K2 3

where Fo is obtained from S” by adding two adjacent edges. I‘I0 is

the graph connecting two 3-cycle by a path of length 71 — 5. K2 3 is

the bipartite graph (Hanyuan et al., 2006; Pedersen and Vestergaard,
2005; Gutman, 1990; Hanyuan, 2008a; Prodinger and Tichy, 1982;
Hanyuan, 2008b).

3
Ce (I, 1,1)eeT (1,1,---,1,2), (that is, 1,) has the

third maximal Merrifield-Simmons index, and

sy =3-2"""+3,
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Proof

We denote by G the graph in Uz with the third largest
Merrifield-Simmons index, by Lemma 6 and 7, G must

be the form of 7,75 or 7, (Figure 6). By Lemma 7, we
obviously have 5(T4) < 5(T1). Next, we will show that

6(1y) > 6(T3). For u,v are adjacent in 7;, by Lemma 3,
we have:

S(Ty) = 8(Ty — {u.v)) + 8(Ty - [v]) + 8(Ty - [u])

- 3
= 25(c2(1,1,1)msn_7 )+ 2" 8 §(C5 (1,1,0))
- 8.3
= 2[§(c§ (L1 DeeS, ¢) +2" 9(5(c53 (LLop1+ 2" 8(C5 (1,1,0))
7.3
= 2§(cg(1, LDesS, g)+2" ' 8(C5 (1,1,0)

If «,v" are not adjacent in Ty, then by Lemma 4, we
have

8(5) = 8T, ~{ul ') + 8T, —uf UD¥D + 85 —v Ulu') + 855 ~[¥1 Ul
3 3 3
= 5(Cq (L1, 1)o=S,,_g) + 3(C5 (1,1,0)e08,_g) +25(C5 (1,1,0)05,_g)
122" sl a0 + 2" 182 1,1,0) + 8(C) (1,1,0)
3 3
= 8(Cy (1,1,1)e08,,_g) +36(C5 (1,1,0)8,_g)
12" s anon+ 2" sl aop.

For the difference of contribution for 6(7;) and 5(T3),
we get:

3 3
Ay = 8(T}) = 8(Ty) = [8(Cy (1,1,1)eS,,_g) = 38(C5 (1,1,0)eS,,_g)]
2" sscianon-3-2" s o

= [8(T(,1,-,1,3) - 25(c53 (1,1,0)e08,,_g )l

+2”_9 . 3[5(c53 (1,1,0)) — 5(C2 (1,1,0)]

= =8(T (1,1, ,1,3) - 45(S,_g) + 2" 38(Py).

By Lemma 5, we have

n—-9 n—-9 n—-9
A3 = —[5(f§)- 2 + 5(P§)]—-4(2 +1)+ 2 -3F5

-9

n n-9 n—-9
=-F5 -2 - Fy — 42 +1)+ 2 - 3F;5

n—8 n—7 n—8

=2 “F5 - Fy -2 -4 =2 3-7>0 (n210).

Which gives s(1;) > 5(T3). This proves the present

theorem. When ¢ < , < 9, all results in this paper still
hold.

Remark 3

It is surprising that the graphs with the largest Merrifield-
Simmons index among the cycle-3-regular unicycle graph
are the same as those with the smallest energy (Maolin
and Hongbo, 2008b).

Finally, we survey some results on the extremal graphs
for the Hosoya index and Merrifield-Simmons index in
trees, unicycle graphs and bicycle graphs (Tables 1 and
2). From the survey, we posed a problem.

Problem

Within any given set of nontricial connected graphs, is the
graph with maximal Merrifield-Simmons index just one
with minimal Hosoya index?

Obviously, the answer to this problem is positive for the
sets tree, unicycle graphs and bicycle graphs,
respectively. But for other general given sets of graphs
(such as cycle-3-regular graph), the answer to it is still
unknown, maybe it will be an interesting topic for the
further research in the future.

CONCLUSIONS

In this paper, we considered a new class of unicycle
graph cycle-3-regular unicycle graph and the famous
Merrifield-Simmons index. We introduced an efficient
graph operation method. Using this new method, we
were able to provide a simplified proof of the above
mentioned orders of the cycle-3-regular unicycle graphs.
It seems that the graph with the first three largest
Merrifield-Simmons index in cycle-r-regular unicycle
graphs (7 = 4) should have a similar structure as the
one in cycle-3-regular unicycle graphs. So, the same
reasoning should work well for discussing the first three
largest Merrifield-Simmons index for graphs in cycle-r-

regular unicycle graphs (r = 4).
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